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1 Introduction 



Let a : IR+ x M and consider the stochastic heat equation 

d 1 

(1.1) dt^^^' ^ 2^^*-*' ^^^^ ^' ^))^'^^' + ^' ^))- 

Here A denotes the Laplacian and W is space-time white noise on M+ x M. If a{t,x,X) and 
6(t, X, X) are Lipschi tz continuous in X it is well-known that there are pathwise unique solutions 
to ([LID (see (|Wal86l )L When a{t,x,X) = f{t, x, X)X such equations arise naturally as the 



scaling limits of critical branching particle systems where the branching rate at (t, x) is given by 
f{t,x,X{t,x)) and X{t,x) is a measure of the local particle density at {t,x). Such coefficients are 
not Lipschitz continuous and pathwise uniqueness remains open even in t he case where / = 1, 



6 = and X is the density of super-Brownian motion (see Section III. 4 of (|Per02l )). In this case, 
and mo re generally for / = X^ for p > 0, uniqueness in law is known by duality arguments (see 
(|Mvt99l ll. The duality arguments are highly non-robust, however, and pathwise uniqueness, if true. 



would typically hold for a much less restrictive set of coefficients. Our goal in this work is to show 
pathwise uniqueness holds for solutions to (jl.ip if a{t,x,-) is Holder continuous of order 7 and 
7 > 3/4. The attentive reader will have already noted that the motivating example given above 
does not satisfy this condition. 

The above equation does have the advantage of having a diagonal form-that is, when viewed 
as a continuum-dimensional stochastic differential equation there are no off-diagonal terms in the 
noise part of the equation and the diffusion coefficient for the x coordinate is a function of that 
coordinate alone. For finite-dimensional sde's this was the setting for Yamada and Watanabe's 



extension (|YW7ll ) of Ito's pathwise uniqueness results to Holder (1/2) continuous coefficients, 
and so our plan will be to carry over their approach to our infinite dimensional setting. This 
programme was already carried out in the context of coloured noise in but the methods 



used there when specialized to white noise given nothing beyond the clas sical Lipschitz uniqueness. 
In fact for coloured noise in higher dimensions the results in (|MPS06I ) did not even come close 



to the known results on pathwis e uniqu eness for Lipschitz continuous coefficients (lDal99l ) -see the 



discussion after Remark 1.5 in (jMPSOd ). This is what led to our belief that there was room for 



substantial improvement in the methods of (i MPSOfil ) and hence to the present work. 

We introduce a growth condition, a Holder continuity condition on a and the standard Lipschitz 
condition on b: 

(1.2) there exists a constant such that for all {t,x,X) £ ]R-|_ x R^, 

\a{t,x,X)\ + \b{t,x,X)\ < (^1 + \X\), 



(1.3) for some 7 > 3/4 there are Ri, R2 > and for all T > there is an Ro(T) 
so that for ah t G [0,T] and all {x,X,X') G , 

\a{t,x,X) - a{t,x,X')\ < i?o(r)e^il^l (1 + \X\ + \X'\ f^\X - X'\^', 

and 

(1.4) there is a B > s.t. for all {t,x,X,X') G M+ x M^ \b{t,x,X) - b{t,x,X')\ < B\X - X'\ 
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We assume W is a, white noise on the filtered probabihty space {il,, T, J^t,^), where satisfies 
the usual hypotheses. This means Wt{(j)) is an J^j-Brownian motion with variance ||(/>||2 for each 
(j) E L^(R, dx) and Wt{(p) and Wt{ip) are independent if f (j){x)ip{x)dx = 0. We set Pt{x) = 
(27rt)~^/^ exp{— x^/2t}, Ptf{x) = J f{y)pt{y — x)dy, and let C be the filtration generated 
by W satisfying the usual hypotheses. A stochastic process X : 0, x x R ^ M, which is 
jointly measurable and ^^-adapted, is said to be a solution to the stochastic heat equation (jl.ip on 
(17, J^, .Ff, P) with initial condition Xq : M — > M, if for each t >0, and x G M, 



(1.5) X{t,x) = I pt{y - x)Xo{y)dy + / / ptsiv - x)a{s,y,X{s,y))W{ds,dy) 

Jo Jk 

+ / Ipt-siy - x)b{s,y,X{s,y))dyds a.s. 



To state the main results we introduce some notation, which will be used throughout this work: 
li E C W^, we write C{E) for the space of continuous functions on ii^. A superscript k, respectively 
oo, indicates that functions are in addition k times, respectively infinitely often, continuously 
differ entiable. A subscript 6, respectively c, indicates that they are also bounded, respectively have 
compact support. We also define 

ll/IU := sup|/(x)|e-^N, 

set Ctem := {/ G C'(IR), ll/IU < oo for any A > 0} and endow it with the topology induced by the 
norms || • |U for A > 0. That is, U^fm Ctem iff d{f, /„) = ^^=1 2-'(ll/ - /n||i/fc A 1) ^ as 
n —> oo. Then {Ctem,d) is a Polish space. By identifying the white noise W, with the associated 
Brownian sheet, we may view W as a stochastic processes with sample paths in C(M+, Ctem)- Here 
as usual, C(M+,Cfem) is given the topology of uniform convergence on compacts. 

A stochastically weak solution to (jl.ip is a solution on some filtered space with respect to some 
noise W, i.e., the noise and space are not specified in advance. 

With this notation we can st ate the following standard existence result whose proof is a minor 
modification of Theorem 1.2 of ( MPSOd ) and is given in the next Section. 

Theorem 1.1 Let Xq e Ctem, and let 6,cr : M+ x ^ M satisfy fO) . (fL3l) . and ([Lll). Then 
there exists a stochastically weak solution to with sample paths a.s. in C(M+,Cjem)- 

We say pathwise uniqueness holds for solutions of (jl.ip in C(M+, Ctem) if for every Xq G Ctem, 
any two solutions to (|l.ip with sample paths a.s. in C(M+, Ct em) mu st be equal with probability 1. 
For Lipschitz continuous a, this follows from Theorem 2.2 of (IShi94l ). Here then is our main result: 

Theorem 1.2 Assume that b,a : R+ x ^ R satisfy (fL2]) . (fL3]) and p^ . Then pathwise 
uniqueness holds for solutions of (II. 1|) in C(R+,Ctem)- 

As an immediate consequence of Theorems II. II and II. 21 we get existence and uniqueness of strong 
solutions and joint uniqueness in law of {X, W). 

Theorem 1.3 Assume that 6, a : M+ x ^ M satisfy (fOI) . (fOl) and (fL4l) . Then for any Xq G 
Ctem there is a solution X to (jl.ip on ,J^t^ ,¥) with sample paths a.s. in C(]R+, Ctem)- If ^' 

is any other solution to (jl.ip on (O, J^, ^t, P) with sample paths a.s. in C{R+, Ctem), then X{t, x) = 
X'(t, x) for all t, X a.s. The joint law Pxq of {X, W) on C(]R+, Ctem) is uniquely determined by Xq 
and is Borel measurable in Xq . 
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Proof. The Bor el meas urability of the law is proved as in Exercise 6.7.4 in We now apply 



Theorem 3.14 of (|Kur07l ). with the Polish state spaces Si and 5*2 for the driving process (W) and 
solution {X) in that work both equal to C(M+, Ctem)- Theorems ll.ll and ll.2l implv the hypotheses 
of weak existence and pointwise uniqueness of (a) of that result. The conclusions of an .F/^-adapted 
(str ong) so lution and uniqueness in law of (X, W) follow from the conclusions in Theorem 3.14 (b) 
(of dKurOTh ) of a strong compatible solution and joint uniqueness in law, respectively. (Note that 
Lemma 3.11 of the above reference shows that a strong, compatible solution must be .F^'^-adapted.) 



Remark 1.4 (a) When assuming ()1.2p . it suffices to assume ()1.3p for \X — X'\ < 1. Indeed this 
condition is immediate from ()1.2p for \X — X'\ > 1 with i?i = and i?2 = 1. 

(h) ()1.3p implies the local Holder condition: 

(1.6) for some 7 > 3/4 for all K > there is an Lk so that for all t £ [0, K] 

and x,Xi,X2 G [-K,K], \a{t,x,Xi) - a{t,x,X2)\ < L/f|Xi -Xsp. 

In fact it prescribes the growth rate of the Holder constants Lk (polynomial in X and exponential 
in x). 



In order to give a bit of intuition for Theorem 11.21 we recall the result from ( MPSOd ) which 



dealt with the stochastic heat equation driven by coloured noise. Let W{t, x) be the mean zero 
Gaussian noise on M_|_ x with covariance given by 

(1.7) E \^{t, x)W{s, y)] = 6o{t - s)k{x - y), 
where 

(1.8) Hx-y) < c|x-7/|-", 

for some a G (0, d A 2). Note that the white noise considered in this paper is the case k{x) = 5o{x). 
It formally corresponds to a = 1 in dimension d = 1. Now let X satisfies the SPDE: 

d 1 

(1.9) ^^(*' ^) = 9^^(*' + (^{X{t, x))W{x, t), 



with W being the coloured noise just described. Then the following result was proved in (|MPSn6l ). 



Theorem 1.5 ( (iMPSOm ) For a < 27 — 1, pathwise uniqueness holds for U.9\} . 



Let u = X^ — X'^ be the difference of two solutions to (|1.9p . The the proof of Theorem 11.51 relied 
on a study of the Holder continuity of u{t, ■) at points where u{t, x) is "small". Let ^ be the Holder 
exponent of ■u{t, •) at such points. The following connection between parameter ^ and the pathwise 
uniqueness was shown in ( MPSOd ) (see condition (41) in the proof of Theorem 4.1 there): If 



(1.10) 



a < ^(27 - 1) 
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then pathwise uniqueness holds for (jl.Op . Hence, the better the regularity one has for u near its 

zero set, the "weaker" the hypotheses required for pathwise uniqueness. It was shown in 

that at the points x where u{t,x) is "small", u{t, •) is Holder continuous with any exponent ^ such 

that 

(1.11) ^<ii:^Ai. 

1 - 7 

(For the precise statement of this result see Theorem 12.21 in the next section.) Note that in the case 
when Q < 27 — 1, (jl.lip turns into the following condition 

(1.12) C < 1, 



and this together with (jl.lOp imply Theorem II. 5 [ 

Now assume W is white noise on R_|_ x M and d = 1. This formally corresponds to the a = 1, 
and in this case the conditions (jl.lOp . (jl.lip can be written as 

(1.13) 1 < J(27-l), 

For 7 > 1/2, we have 2{i-'y) — ^ ^^^^ hence one can take ^ < 1 arbitrarily close to 1 (a proof of this 
is given in Theorem 12.31 below) . substitute it into (I1.13p . and get a vacuous condition for pathwise 
uniqueness, namely 

7 > 1. 

To improve on this we will need to get more refined information on the difference, u, of two solutions 
to (jl.ip near the points xq where u{t, xq) ~ 0. To be more precise, suppose one is able to show that 

(1.15) \u{t,x)\ < c\x — XqI^ 
for any 

(1.16) ^^W^)"-'^ 

By substituting the upper bound for ^ from (jl.l6p into (jl.lSp and doing a bit of arithmetic one 
gets the following condition for pathwise uniqueness 

(1.17) 7 > 3/4, 

which is the result claimed in Theorem 11.21 We will in fact verify a version of (jl.lSp under (jl.l6p 
and 7 > 3/4. A more detailed description of our approach, is given in Section [5J 

The above discussion allows us to conjecture a stronger result on pathwise uniqueness for the 
case of equations driven by a coloured noise: 

Conjecture 1.6 // 

(1.18) a < 2(27-1), 
then pathwise uniqueness holds for U.9\} . 
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The reasoning for this conjecture is similar to that for the white noise case. Let u again be the 
difference of two solutions to (|1.9p . Suppose that if u{t,xo) « then at the points nearby we have 

(1.19) u{t,x) < c\x — xo\^ 
for any 

1 - - 

(1.20) ^< ^A2. 

1-7 

By substituting the upper bound for ^ from p.20|) into (|1.1U|) and simple algebra one gets p.l8|) 
as a condition for pathwise uniqueness for (jl.Op . Note that (jl.lSp can be equivalently written as 

(1-21) ^>^ + T 



In the next Section we give a quick proof of Theorem 11.11 and then turn to the main result, 
Theorem 11.21 Follow ing the natural analogue of the Yamada-Watanabe argument for stochastic 
pde's, as in the problem quickly reduces to one of showing that the analogue of the local 

time term is zero (Proposition 12 . 1 p . As described above, the key ingredient here will be tight control 
on the spatial behaviour of the difference of two solutions, when this difference is very small, that is, 
when the solutions separate. Roughly speaking, as in Yamada and Watanabe's argument we first 
show that solutions must separate in a gentlemanly manner and therefore cannot separate at all. 
Section [2] includes a heuristic description of the method and further explanation of why 7 = 3/4 is 
critical in our approach. It also gives an outline of the contents of the entire paper. 

Convention on Constants. Constants whose value is unimportant and may change from line 
to line are denoted ci , C2 , . . . , while constants whose values will be referred to later and appear 
initially in say, Lemma i.j are denoted or Cj.j. 



Acknowledgements. The second author thanks the Technion for hosting him during a visit 
where some of this research was carried out. This project was initiated during the visit of the 
first author to the UBC where he participated in a Workshop on SPDE's sponsored by PIMS and 
thanks go to the Pacific Institute for the Mathematical Sciences for its support. 



2 Proof of Theorems [EI and [12] 

Proof of Theorem 11.11 This is standard so we only give a sketch and set 6 = for simplicity. 
By taking weak limits as T — > 00 we may assume Ro{T) = Rq is independent of T. Choose a 
symmetric ipn G so that < < Ij llV'nIloo < 1, ipnix) = 1 if |x| < n and Tpnix) = if 
\x\ > n + 2. Let 

an{t,x,X)= J a{t,x,X')p2-n{X' - X)dX'MX). 
It is easy to then check the following: 

(2.22) \an{t,x,X)\<2<^l + \X\), 
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(2.23) \anit,x,X')-anit,x,X)\ <Cn\X'-X\, 
and 

(2.24) K{t,x,X) - ait,x,X)\ < c[221][e«^l"l (|X|«^ + 1)2~^^/' + (1 + |X|)(1 - M\X\) 

— > uniformly on compacts as n — > oo. 

Use K22h . (12:23]) and Theorem 2.2 of (|Shi94l ^ to see there are solutions X" to (a ll with 

respect to M^)-here (jl.Sp ,^ is (jl.Sp but with ct„ in place of a. Now arg ue as in Section 6 of (jShi94l ) 
(see the proof of Theorem 2.2) or in the derivation of Theorem 1.2 of ( MPSOd ) (the present white 
noise setting simplifies those arguments) to see that {X'^} is tight in C(M+, Ctem)- More specifically, 
usi ng the g rowth condition (11. 2p . it is straightforward to carry over the proof of Proposition 1.8(a) 
of ( MPSOd ) (see Lemmas A. 3 and A. 5 of that paper) and show 

(2.25) for all r,A,p > 0, sup ^( sup sup |X"(t, x)|Pe-^l^l) < oo. 

0<t<T^g]R 

The above bounds in turn give uniform bounds on the pth moments of the space-time increments 
of X^ (see Lemma A. 4 of (IMPS06, )) and hence tightness. Indeed, the orthogonality of white noise 
makes all these calculation somewhat easier. By Skorohod's theorem we may assume X"* converges 
a.s. to X in C(M+, Ctem) on some probability space. It is now easy to use (|2.24p to see that (perhaps 
on a larger space), X solves (II. 5p . | 

Next consider Theorem 1 1 . 2 1 and assume its hypotheses throughout. By Remark ll.4l fal decreasing 
7 only weakens the hypotheses and so we may, and shall, assume that 

(2.26) 3/4 < 7 < 1. 

Let X^ and X"^ be two solutions of (jl.Sp on (17, .F, .T^f, P) with sample paths in C(]R+,Ctem) a-s., 
with the same initial condition, ^""^(0) = X^(0) = Xq G Ctem, and of course the same noise W. For 
adapted processes with samp le path s in C(M+, Ctem), (|l-5p is equivalent to the distributional form 
of ([Ll]) (see Theorem 2.1 of jshigi)). That is, for i = l,2 and $ E C^{R) : 

(2.27) / X\t,x)^{x)dx = [ Xl{x)<!>{x)dx + [ [ X'{s,x)-A<^{x)dxds 
Jr Jr Jo Jr 2 

+ / / a{s,x,X'{s,x))<^{x)W{ds,dx) 



+ b{s,x,X''{s,x))^{x)dxds Vt > a.s. 

Jo Jr 

Let 

(2.28) Ti^ = inf{s > : sup(|X^(s, y)| V \X^{s,y)\)e~\y\ > K} A K. 

y 

We first show that (jl.3p may be strengthened to 

(2.29) for some 1 > 7 > 3/4 there are Ro,Ri > 1 so that for alH > 

and all {x,X,X') G M^ \a{t,x,X) - ait,x,X')\ < Roe^^^'^^\X - X'p . 
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Assume that Theorem 11.21 holds under (j2.29p and that a satisfies (|1.3p . Define 

aK{t,x,X) = a{t,x, {X V (-isTel^'l)) A i^el^'l)l(t < K). 

Then 

\aK{t, X, X) - aK{t, X, X')\ < i?o(i^)e^i 1^1(1 + 2Ke^^^)^' \X - X'\^, 

and so (j2.29p holds with Ri + R2 in place of Ri (the restriction that i?i > 1 is for convenience and 
is no restriction). Providing that for A = 1, ||^oI|a < K, we have 

(2.30) a{t,x,X\t,x)) = (7K{t,x,X\t,x)) for all 2; and t < Tk- 

Therefore ax satisfies (12. 29|) and of course (II. 2p . So we may apply Theorem 11.31 with ax in place 
of a. Using the law Pk,Xo of {X,W) on C(M+,Cjem)^ (Borel in Xq) it is easy now to continue 
the solutions X^ to (j2.27P j^ (the K reminds us we are dealing with ax) beyond Tk and construct 
solutions X\ i = 1,2 to ([TSTP j^ starting at Xq such that {X'^{- A Tk),X'^{- A Tk)) is equal in 
law to {X^{- A Tk),X'^{- a Tk)). By pathwise uniqueness in (12. 271) we get X^ = X"^ and so 
X^{- A Tk) = X'^{- A Tk). Letting ^ 00 gives X^ = X \ as required. 

We now follow the approach in Section 2 of and reduce the theorem to showing the 

analogue of the "local time term" in the Yamada-Watanabe proof is zero. Let 

an = exp{-n(n + l)/2} 

so that 

(2.31) a„+i = a„e-"-i = a^a^/". 
Define functions V'n £ C'^(l^) such that supp{'ipn) C (a„,a„_i), and 

(2.32) < ijJx) < — for all 2; G M as well as / ipn(x)dx = 1. 
Finally, set 

M f-y 

(2.33) <pn{x) = / ipn{z)dzdy. 



From this it is easy to see that (pnix) ] \x\ uniformly in x. Note that each tp^^i^ and thus also each 0^2, 
is identically zero in a neighborhood of zero. This implies that (pn G C°°(]R) despite the absolute 
value in its definition. We have 

(2.34) cP'^{x) = sgn{x) t %n{y)dy, 



(2.35) 0'^(a;) = Vn(|x|). 

Thus, |i;^>^(a;)| < 1, and J (j)'^{x)h{x)dx — > /i(0) for any function h which is continuous at zero. 
Define 

u = X^ -X^. 
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Let ^> e C^(M.) satisfy < $ < 1, supp{^) C (-1,1) and Jj^^{x)dx = 1, and set $^(y) 



m^{m{x — y)). Let (•, •) denote the scalar product on L^(R). By applying Ito's Formula to the 
semimartingales {X^,^'^) in (|2.27p it follows that 

cp'^iius,^"^)) {a{s,y,X\s,y)) - ais,y, X\s,y))) <^>^ iy)W {ds , dy) 




+ 1 f I M\{ns,^':)\){a{s,y,X\s,y))-a{s,y,X\s,y))f 
^ Jo JR 

X <^T{y fdyds 

+ [ [ cl>'^i{u,,^^)){b{s,y,xHs,y))-b{s,y,X\s,y)))<^'^{y)dyds. 



We integrate this function of x against another non- negative test function ^ £ C^([0, to] x ^) 
{to G (0, oo)). Choose i^i G N large so that for A = 1, 

(2.36) IIXoIIa < Ki and F = {x : ^'.(x) > 3s < to} C {-Ki,Ki). 

We the n obtain by the classical and stochastic versions of Fubini's Theorem (see Theorem 2.6 of 
(IWalSel ) for the latter), and arguing as in the proof of Proposition II. 5. 7 of (|Per02l ) to handle the 
time dependence in that for any t G [0, ^o], 

(2.37) {M{nt,<^n),^t) 
P'J{ns,^n)'^'^{y), ^s) {ct{s, y, X' {s, y)) - a{s, y, X\s, y))) W{ds, dy) 




+ / {cl>'^{{us,^n){ns,\/:^^n,-^s)ds 
Jo ^ 

+ ^ r ijn{\kus.^':)\)[o[s,y,X\s,y)) - a{s,y,X\s,y))y 



X $™(y)^(iy^,(x)(ixds + / (0„((n„ $!")), ^',) 

Jo 

+ [ [ {cP'ni{us,'^"'m':^iy),'^s){bis,y,X\s,y))-bis,y,X\s,y)))dyds 
Jo Jr 

= /^'"(t) + iT'^'it) + IT'"' it) + C"(i) + C'"(0- 



(2.38) 



The expectation condition in Walsh's Theorem 2.6 may be realized by localization, using the 
stopping times {Tx}- 

Set nin = (J-n-^i ~ exp{(n — l)n/4} for n G N. In the integral defining -^q may assume 

\x\ < Ki by (fOH]) and so \y\ <Ki + l. Let K G If s < Tk, then for such a y, 

\X\s,y)\ < Ke\y\ < Ke^^''+^^ for i = 1,2. 
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Therefore ([HI), and (12311) show that if K' = Ke(^i+^)(> Ki + 1), then for all t E [0,to], 

J J 2(n + l)-i|(n„c^^+^)rH(a„+i<K^z„$^+i)|<a„) 



< 
- 2 



X L^,|'u(s,y)|2Tm„+i$™"+i(y)^',(a;)dydxds 



We define 

(2.40) /"(t) = a;^3/2-2/n / / / i(|(^^,ci>-.>+i)| < a„)|n(.,y)|2T'cI>-"+i(y)M/,(x)dy(ixds. 







Proposition 2.1 Suppose {UM,n,K ■ M,n,K gN,K > Ki} are J^t-stopping times such that for 
each K G 

(Hi) UM,n,K < Tk, UM,n,K T Tk as M ^ oo for each n, and 
limM^ooSUPn P{UM,n,K < Tk) = 0, 

and 

{H2) For all M G N, lim„,^oo E{r{to A UM,n,K)) = 0. 
Then the conclusion of Theorem li.^l holds. 



Proof. We adapt the reasoning in Lemma 2.2 of (|MPS06I ) for the coloured noise setting to 
white noise driven equation. As in (j2.25p we have 



our 



(2.41) for all T, A,p > 0, E{ sup sup |tt(t, 

Let 



Zn{t) = J M{ut,^T''))M^)dx. 

Fix K £ N-^i and < t < to. Note that since < (pniz) < \z\ and ^' > 0, 

0<ZnitATK)< [ [ \uitATK,y)\<l>T"iy)'^itATK,x)dydx 



<2K j j e\y\<l>^"{y)^{tATK,x)dyl{\x\ < Ki)di 
(2.42) < 2Ke^i+^ci(^'). 



With ()2.4ip in hand, the proof of Lemma 2.2(a) of ( MPSOd ) is easily adapted (again it is in fact 
easier) to show 

(2.43) {/{""'"(s) : s < to} is an L^-bounded sequence of martingales. 
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The proof of Lemma 2.2(b) of (|MPS06I ^ apphes directly to show that 
where for any stopping time T, 



ir, ir, + -'9 ) 



(2.44) /""•'"•^(t AT) ^ y J \u{s,x)\-A'i?s{x)dxds inlL^ as n 00 

(again the key bound here is (|2.4ip '). and we have the one-sided bound 

(2.45) /I""'"'^(s) < — C(^) for all s < to and n. 

n 

(In the notation of dMPSOfil ). /o "''-'"-Vg) = I^^'''ir)dr and H^-'^^'^s) = i:^r"ir)+I^2'"(r)dr.) 
The proof of Lemma 2.2(c) of ( MPSOd ) also applies directly to show that for any stopping time T, 

rtAT ,■ 

(2.46) I^"'''{t AT) ^ J J \u{s,x)\4>six)dxds inh^ as n ^ 00. 
Since < 1, (II. 4p implies that for a stopping time T, 

(2.47) /5""'"(t AT) <B j j \u{s,y)\^^-iy)^s{x)dydxds^Bi^{tAT). 
It follows easily from ()2.4ip that (to) : n- £ P^} is L^-bounded and, as n ^ 00, 



ptAI p 

(2.48) i^{t AT) I I \u{s,x)\^ s{x)dxds a.s. and hence in by the above. 

Let e > 0. Then {Hi), ^(T^ . ^^L^ . ^^L^ and ^(IM^ show that, by a standard result for uniformly 
integrable random variables, there is an Mq so that 

(2.49) supii;^^ |Z„(t ATk)\ + |/r'"(i ^Tk)\ + A Tk)\ + |/r'"(* A Tk) 



X l{UM,n,K < Tk)) < e for all M > Mq. 
From (j2.37p . (j2.47p . the non-negativity of J™"'" and I5 , and Fatou's Lemma, we have for M > Mq, 

\u{t A TK,x)\^tATKix)dx^ 

< liminf S(Z„(t A TK)l{UM,n,K = Tk)) + E{Zn{t A TK)l{UM,n,K < Tk)) 

< hminf i?(/r'"(t A Tk)) + E{i:^-^'^'\t A Tk)) + Eil^-'^^'^t A TK)l{UM,n,K) = Tk)) 

n— ►oo 

+ i?(l3™-"(t A UM,n,K)) + i?(/r'"(t A Tk)) + BE{i^{t A Tk)) 



Ei^I^-'-^it A TK)l{UM,n,K < Tk)) - ^(/^'"''(i A TK)l{UM,n,K < Tk)) 
S(/f -"(t A TK)l{UM,n,K < Tk)) + E{Zn{t A TK)l{UM,n,K < Tk)) 
ftATK 



< liminf S( / / \u(s,x)\-A^six)dxds] + —C{^) 

+ ^(^J j \u{s,x)\^s{x)dxds) + BEi^j j \u{s , x)\-^ s{x)dxds) + e , 
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by dTiSll . (IMD . (I2:i5l) . (i/2) (together with the bound ([239])), ([236]) UOMh . and (pliOD . respec- 
tively. Let e I to see that 

E(^j \uitATK,x)\^tATi,ix)dx^ -^(/ I \<''^^)\(l^^^(^) + ^s{x)+B^,ix))dxdsy 

Let K ^ 00 and use Dominated Convergence (recall (|2.4ip ) on each side to conclude that 

E{\u{t, x)\)'^t{x)dx < j E{\u{s, x)|)(^ A^,(x) + <^ s{x) + B^s{x))dxds, 0<t<to. 

This gives (34) of (jMPSOel ) with an additional drift term B^s{x)- One proceeds exactly as in 
Section 3 of that reference, using the semigroup e^*Pj in place of Pt, to see that since E{\u{t,x)\) 
is a finite (by (I2.4ip ) non- negative subsolution of the heat equation with initial data zero, therefore 
E{\u{t, x)\) =0 and so = X'^ by continuity of paths. | 

The construction of {UM,n,K} and verification of (^^i) and (-^2) will be the objective of the rest 
of this work. 



Notation. For t,t' >0 and x,x' eR let d{{t,x), {t',x')) = y^\t' - t\ + \x' - x\. 

Note that the indicator function in the definition of implies there is an xq G (x— \/a„, x+-y/a„) 
such that |?x(s,xo)| < fln- If we could take xq = y we could bound In{t) by C(t)a„^^^ 2/71+27^ 
(Hi) and (-^2) would follow immediately with UM,n,K = Tk- (The criticality of 3/4 in this argument 



is illusory as it follows from our choice of m„.) The hypotheses of Proposition 
getting good boun ds on \u (s, y) — u{s, xq)\. The standard 1/2 — e-Holder moduluso 
gives nothing. In (jMPSOfil ) this was refined to a 1 — e-Holder modulus near points where u is small 
as we now describe. Let 



2.11 now turn on 
not surprisingly, 



Z{N,K){u;) = {{t,x) E [0,Tk] x [-K,K] : there is a (to,^o) G [0,Tk] x M such that 

d{{io,xo),{t,x)) < 2-^, and \u{io,xo)\ < 2"^}. 



Return now to the SPDE driven by coloured noise ()1.9p from Section 1. Let u be the difference 
of two solutions of (|1.9p and a E (0,2 A d) be the covariance kernel exponent as in (jl.Sp . Let 
Z{N, K) be de fined as Z(N, K) with u instead of u. The following improved modulus of continuity 
was proved in ( MPSOd ) (see Theorem 4.1 and the first two paragraphs of the proof of Corollary 4.2 
in that reference). 

1— — 

Theorem 2.2 For each IT E N and < ^ < A 1 there is an Nq = No{^, K,uj) E N a.s. such 
that for all natural numbers N > Nq and all {t,x) E Z{N,K), 

d{{t' , x'), {t, x)) < 2^^ and t' < Tk implies \u{t' ,x) —u{t,x)\ < 2~^^. 
In the white noise setting the result holds with a = 1. Recall u is the difference of two solutions 

to dni). 



^Although this is well-known "folklore" result we were not able to find the exact reference. One can easily check 
th at the estimates in the proof of Corollary 3.4 in (jWal86) give 1/2 — e-Holder spatial modulus; similarly the result 
of (|SS02D can be immediately extended to cover the white noise case; in both works the Lipschitz assumptions on 
noise coefficients can be relaxed to linear growth assumptions and the proofs still go through. 
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Theorem 2.3 Assume 7 > 1/2. For each K £N and ^ G (0, 1) there is an Nq = Noi^,, K,uj) £N 
a.s. such that for all natural numbers N > Nq and all {t,x) € Z{N,K), 

d{{t',x'),{t,x)) < 2"^ andt' < Tk implies \u{t',x') -u{t,x)\ < 2"^^. 

Proof. The proof of Theorem 12.21 apphes with a = 1 (the dependance of a on t,x ahers nothing 
in the proof). In fact it is now considerably simpler because of the orthogonality of white noise 
increments. The required tools are Lemma 14.11 and Lemma 14.31 below. W ith this choice of a and 
7 > 1/2, the upper bound on ^ in Theorem 12.21 becomes 1. In ( MPSOd ) there was no drift term, 



but the calculations for the Lipschitz drift term are simpler still. Here one uses Holder's inequality 
to utilize the bounds in Lemma [ 



The proof of Theorem 11.21 is long and involved so before descending into the technical details of 
the derivation of (Hi) and (-^2)) we now give a heuristic description of the method with 6 = 
throughout, and also try to explain why 7 = 3/4 is critical in our approach. The choice of 



— 1/2 — 

run = appears arbitrarily in the above so let us for the moment set run = a. 

for some ao > 0. {Hi) and (^^2) are delicate ways of ensuring I"'{t) approaches zero as n — > 00 and 
so our goal is to show that 

(2.50) I"(t) ^ a-'--'^ f n l(|(n„$^+^)| < a^)\u{s,y)\^^^^-+^{y)^s{x)dydxds 



"0 ^ 



JO J J 

— > as n ^00. 

We have taken (and will take) some small liberties with the "local time term" /"(t) (with this new 
choice of mn) in the first line. In the integrand in (|2.50p the variable y must be within 2a"° of a 
point xo where |m(s,xo)| < a^- If we simply replace y with xq, I"'{t) is at most 



"l-ao 



1^ 1 1 al^<^'^-+^{y)^s{x)dydxds < Cta^^-i-"" ^ 0, 



if 7 > 1/2 and ao is small enough. This is a bit too crude but shows it will be crucial to get good 
estimates on u{s, ■) near points where it is small (and also shows we are already forced to assume 
7 > 1/2). Theorem 12.31 implies that 

(2.51) 7 > 1/2 implies u{t, •) is ^-Holder continuous near its zero set for ^ < 1, 

and so allows us to bound \u{s,y) — u{s,xq)\. Use this in (I2.50p and take < ao ^ 1 to bound 
I^{t) by 

-l-ao 



C7a°o«27^rn„+i ^y^x^, ^(^x)dydxds 
< Cta;^^+"°(«27-i) ^ as n ^ 00, 



if 7 > 1 and we choose ao,(, close to one. Of course 7 > 1 is not a viable choice but this shows 
we are now getting close, and in fact in the coloured noise setting of (mPSQ^) the above argument 
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sufficed for the results there, although there was some work to be done to implement this idea 
carefully. 

To increase our control on u{s, •) near its zero set we will improve (|2.51|) to 

(2.52) 7 > 3/4 implies u'{s, •) is .^-Holder on {x : u{s,x) u{s,x) 0} for ^ < 1, 

where u' denotes the spatial derivative. Corollary 15.91 below with m = ?fi + 1 is the closest result 
which comes to a formal statement of the above, although the condition on 7 is implicit. 

We first make the case that for 7 < 3/4, we cannot expect the following slight strengthening of 
(1232]) : 

(2.53) u{s, •) is on {x : u{s, x) ^ u'{s, x) f» 0}. 

A formal differentiation of (|1.5p (recall 6 = and u is the difference of the X*'s) gives for u{t, x) w 
u'{t,x) PS 0, 

(2.54) u"{t,x)= f f pl,{y - x)[a{s,y,X\s,y)) - a{s,y,X\s,y))]W{ds,dy). 



Jo J 

If (T is a Weierstrass-type function that realizes its Holder modulus at typical points we have 

W{s,y,X^{s,y)) - a{s,y,X^{s,y))\ ^ L|n(s,y)P, 
and for s < t and very close to t, we have by a Taylor series expansion in space, 

\uis,y)\ ~ \u"is,x)\ . 

Use these approximations in the finite square function associated with the right hand side of (|2.54p 
and conclude that 



^ /■* /■ „ . .,[\u"{s,x)\iy-x)h^^ 
00 > / Pt_,iy-x) 

Jt-5 J 



dyds 



^ c\u"{t,x)\^'' J* J pt-s(.zf[zHt - - (t - s)~^?z^^dzds 
Jt-6 

which implies 7 > 3/4. 

We next show how (j2.52p will lead to (j2.50p . Taking further liberties with I"'{t) and recalling 
m„ ^ , we get 

(2.55) 

/"(t) « a;i-"« ^ ^ I j l{\u{s,x\<an.u'{s,x)^±af'^)\u{s,y)\''^^^-+^{y)^s{x)dydxds 
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where indicates we are summing over a finite grid Pi G [0, P] (/3 to be determined below) and 
are bounding u'{s,x) in the appropriate grid interval and its mirror image in the origin. As the 
sum is finite we may fix /3 G (0, (3] and consider only u'{s, x) ~ an- The value /3 = is a bit special 
but should be clear from the argument below. A Taylor series expansion and (j2.52p with ^ ~ 1 
show that for y as in the integrand of IJ^{t), 

\u{s,y)\ < \u{s,x)\ + {\u{s,x)\ + L\y - x\^)\y - x\ 

<an + a^+°° + La^««+^) 
(i, 



(|A/3)+i 



where a comparison of the first and last terms in the second line leads naturally to = 1/2. 
Substitute this into the integrand of integrate out y, and conclude 

(2.56) IJ^it) < Caf^''^^^^^''^'^ f [ l{\u{s,x)\ < a„,n'(s,x) « a^)^s{x)dxds. 



JO J 

For P = (3 the precise meaning of u'{s, x) ^ an is < u'{s, x) < an and we have from ()2.56p . 
(2.57) ip) < Ctaf^''-'^'^''^\ 

Consider < P < p. Recah that {x : ^'^(x) > for some s < to} C [-Ki,Ki], let 
Snis) = {x e [-Ki,Ki] : \u{s,x)\ < an,u{s,x) > a^} 

and |5'n(s)| denote the Lebesgue measure of Sn{s). From ()2.52p we see that if x G Sn{s), then 
u'is^y) > ^ if ly — x| < L~^an^ , and so by the Fundamental Theorem of Calculus, 

u{s,y) > an if ^a]^^ <\y - x\< L~^a^^. 

A simple covering argument now shows that [^^(s)! < c{L, Ki)ali~^ an^^^ and (j2.56p implies 



, /+7+7(2/3aO+1-/3-§ 



I^it)<Ctan' "' "--"^ - « 
(2.58) < Ctaf 

So from (f237|l and (f238|l we see that hm^^oo IJ^{t) = wiU follow for all /3 < /3 if 

7(1 + (2^A1)) > ^ and 7(1 + (2,9 A 1)) > ^ + 2/3, 

that is, 7 > (1 + (2/3 A 1))^"'^(| V (| + 2/3)). The right-hand side is minimized when (3 = ^, and 
leads to 7 > |, as required, and also establishes the range < /? < ^, which will be used below. 

The above heuristics show that 7 > 3/4 and the regularity of u given in (j2.52p (or (j2.53p ) is 
optimal for our approach. If we try weakening the regularity condition on u, the above discussion 
shows we would have to increase 3/4 to show that /"(t) 0. The earlier discussion shows that a 
strengthening of the regularity on u would require increasing 3/4 as well. 
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A major obstruction to (j2.52p is the fact that we cannot expect u'{s,x) to exist as soon as 
u{s,x) 7^ (and don't even know this is the case for u{s,x) = 0). So instead, if D{r,y) = 
a{r,y,X^{r,y)) — a{r,y, X'^{r,y)), then we wih use (jl.Sp to decompose u as 

f-t—an r f 

(2.59) u{t,x)= pt-r{y - x)D{r,y)W{dr,dy) + pt-r{y - x)D{r,y)W{dr,dy) 

J J Jt—a„ J 

= Ul^an{t,x) +U2,a„{t,x). 

ui^a„ is smooth in the spatial variable and so the above arguments may be applied with u'^ ^^{t,x) 
playing the role of u'{t,x), while it2,a„ and its increments should lead to small and manageable 
error terms. Proposition 15.141 gives the required bounds on the increments of U2,a^, and (as noted 
above) Corollary 15.91 is the analogue of ()2.52p for u'l {a S [0, 1]). (The reason for the extension 
to a" is discussed below.) The proofs of these results are incorporated into an inductive proof of a 
space-time bound (Pm) for u{t,x) when {t,x) is close to a point {to,XQ) where 

(2.60) \u{io,xo)\ < an and \u[^a^{to, xo)\ < a^. 
If 



(2.61) d= ^\t-tQ\ + \x-XQ\, 
then, roughly speaking, {Pm) bounds |n(f,x)| by 

(2.62) d^id^^-i + a^]. 



where 7m increases in m and equals 2 for m large, and ^ < 1 as usual. When 7^, = 2 this does 
capture the kind of bound one expects from ()2.52p . The reader may find a precise statement of 
{Pm) prior to Proposition 15.11 (the statement of its validity). 

The m = case will be an easy consequence of our improved local modulus of continuity. 
Theorem [231 Note that ([2:29]) ) imphes 

(2.63) |Z)(r,y)| <i?oe«il^l|n(r,y)p. 

The inductive proof of {Pm) proceeds by using (j2.63p and then (|2.62p to bound the square functions 
associated with the space-time increments of u\ and U2,a^ for points near (to, xq) as in (j2.60p (recall 
()2.59p ). These give good control of the integrands of these square functions near the points where 
they have singularities. This will then lead to Corollarv 15.91 and Proposition 15.141 our "mth order" 
bounds for the increments of u\ and 1*2,0^ • We then use the slightly generalized version of ()2.59p . 

(2.64) u{t, x) = Ui^a- {t, x) + U2,a« {t, x) 

to derive {Pm+i)- At this point we will optimize over a since decreasing a increases the regularity 
of ui,a^ but increases the size of the error term U2,a^- The optimal choice will be so that a" ~ d, 
where d is as in ()2.6ip . 

There are at least two issues to address here. First, how do you control u'i^^a{t,x) when all you 

know is \u\ ^^(t, x)| < a^? Second, how do you control the time increments of iii,a^ when you only 
have good estimates on the spatial derivatives? The first question is answered in Proposition 15.111 



16 



which win give surprisingly good bounds on \u'i ^a{to, xq) — u'l ^^{Iq, xq)\. The second question is 
answered in Proposition 15.131 where the key step is to note (see (j5.70p ) that for t > t' , 

\ui,a'ii{t,x) - ni,ajj(i',x)| \Pt^t>{ui^a'il{t',-)){x) - Ui ^a'^i {t' , x)\ , 

where Pt is the Brownian semigroup. The fact that the Brownian semigroup, Ptf, inherits temporal 
regularity from spatial regularity of / will give the required regularity in time. 

A critical step in the above argument was finding a form of (Pm) which actually iterates to 
produce (Pm+i)- Note also that although the required bound on IJ^{t) (see (|2.56p ) only required 
good spatial estimates for u{s, •) near points {s, x) = (to, a^o) as in (j2.60p . the iteration of estimates 
requires an expansion in both space and time. 

Turning now to a brief description of the contents of the paper, we first set 6 = 0. In Section [3] 
we reduce (Hi) and (^^2) to a result (Proposition 13.30 on control of the spatial increments of 
^^2,a° and size of u'l^a on relatively long intervals near a spatial point where |n(s,2;o)| is small 

and u\ „a(s,xo) « an- This includes the covering argument sketched above. Section [J] gives some 
integral bounds for heat kernels and their derivatives which will help bound the square functions 
of the increments of u'^ and ti2,a^ • The heart of the proof of Theorem 11.21 is given in Section [5] 
where the inductive proof of (Pm) is given. As was sketched above, this argument includes good 
local expansions for u'^ and ti2,a« near points where \u\ and \u'i \ are small, although the (easier) 
proof for ti2,a^ is deferred until Section [71 These expansions, with m large enough, are then used in 
Section [6] to prove Proposition 13.31 and so complete the proof of Theorem 1 1.2 1 for 6 = 0. In Section [8] 
we describe the relatively simple additions that are needed to include a Lipschitz drift 6 in the 
argument already presented. 

3 Verification of the Hypotheses of Proposition 12.11 

We assume throughout this Section that 6 = 0-the relatively simple refinements required to include 
the drift are outlined in Section [8l Let X^,X^ be as in Section [21 u = -X'^, and assume the 
hypotheses of Theorem 11.21 as well as ()2.29p . If D{s, y) = (j{s, y, X^{s, y)) — a{s, y, X'^{s, y)), then 

(3.1) u{t,x) = j j pt-s{y - x)D{s,y)W{ds,dy) a.s. ior all {t,x), 
and by ([2291), 

(3.2) \D{s,y)\<Roe''^\y\\u{s,y)\\ 
6 will always take values in (0, 1]. Let 

(3.3) ui^s{t,x) = Ps{u(^t^s)+){x) and U2,5{t,x) = u{t, x) - ui^s(t, x). 



Since Ps : Ctem Ctem is uniformly continuous (by Lemma 6.2(ii) of (|Shi94l )). ui^s and 7x2,5 both 
have sample paths in C(]R, Ctem)- (13. ip implies that 

ui,5{t,x)= / p(^t_s)+_s{y - z)D{s,y)W{ds,dy) ps{z - x)dz. 
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A stochastic Fubini argument (Theorem 2.6 of ( Walsd )) then g: 



ives 



(3.4) ui^s{t,x) 



tit-5)+ . 

j J pt^s{y - x)D{s,y)W{ds,dy) a.s. for all {t,x) G 



(The above identity is trivial for t < 5 since n(0, •) = 0.) The expectation condition in Walsh's 
Theorem 2.6 may be realized by localization with the stopping times {Tk}, working with D(sATk), 
and letting K ^ oo. It follows that 



(3.5) U2,s{t,x) 



/ / pt-siy - x)D{s,y)W{ds,dy) a.s. for ah {t,x) G 
J{t-S)+ J 



Hence Uj^s (j = 1,2) define jointly continuous versions of the right-hand sides of (|3.4p and (j3.5p . 

Notation. If s,t>0 and x G M, let Gs{s,t,x) = Pi^t_s-^+j^s{'^{s-5)+)i^) 
Fs{s,t,x) = —-^Gs{s,t,x) = —G'g{s,t,x), if the derivative exists. 

Lemma 3.1 G'^{s,t,x) exists for all {s,t,x) G x M, is jointly continuous in {s,t,x), and 
satisfies 



(3.6) Fs{s,t,x) 



P[t\/s)~riy - x)D{r,y)W{dr,dy) for all s a.s. for all {t,x). 



Proof. Since Gsis, t,x) = J P{^t~s)++5{y - x)u{{s - 6)+,y)dy and 

(3.7) sup e-l^l|n((s - (5)+,y)| < cxd for ah T > a.s., 

s<T,y 

a simple Dominated Convergence argument shows that 



(3.8) 



Another application of (j3.7p and Dominated Convergence gives the a.s. joint continuity of the 
right-hand side of (j3.8p . and hence of G'^. 

To prove (j3.6p we may assume without loss of generality that t > s > 6. From (|3.8p and (j3.ip 
we have w.p. 1, 



G'sis,t,x) = - / p(^^^^^+^g{y-x)u{{s-6)^,y)dy for all (s, t, x) a.s. 



G's{s,t,x) 



J p't-s+siy 







Ps-5-riz - y)D{r, z)W{dr, dz) 



dy a.s. 



Now use the stochastic Fubini theorem, as in the derivation of (j3.4p above, to see that 

rs-S 



G'sis,t,x) 







p't-s+siy - x)ps-s-riz - y)dy^ D{r, z)W{dr, dz) 
p[_^{z — x)D{r, z)W{dr,dz) a.s. 



In the last line we have used Dominated Convergence yet again to differentiate through the integral 
in the Chapman-Kolmorgorov equation. As both sides of ()3.6p are continuous in s we may take 
the null set to be independent of s. | 
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Remark 3.2 Since Gs{t,t,x) = Mi^5(i,x), as a special case of the above we see that u\g{t,x) is 
a.s. jointly continuous and satisfies 



(3.9) u'i,5{t, ^^^^ J Pt-siy - x)D{s, y)W{ds, dy) a.s. for all {t, x) 



'0 

Definition. For {t, x) eR+x R, 



Xn{t,x)(uj) = inf{y G [x - ^/E^,x + a/o^ '■ \u{t^y)\ = '^^^{\uit, z)\ ■.\z-x\< v^}} 
e[x- ^/a^,x + ^/a^. 

It is easy to use the continuity of u to check that x„ is weU-defined and ;S(M+ x K.) x ^-measurable. 
We fix a ifo € and positive constants satisfying 

(3.10) 0<.:<:i^h-|),0<.„<iL. 

We introduce a grid of /? values by setting 

L = L{so,ei)= L((l/2)-6£i)/£oJ, 

and 

(3.11) A = i£o e [0,^-6£i], ai = 2(A + £i)e [0,1], i = 0,...,L, 

Pl+1 = 2 ~ ■ 
Note that P = Pi ,i = 0, . . . , L + 1, satisfies 

(3.12) 0</3<^-£i 
If s > set 

r ^ 

Jn,L{s) = {x ■■ \x\ < Ko,\{Us,^'^"+')\ <an,u[^^Js,Xn{s,x)) G [0,^]|, 

and for i = 1, . . . , L — 1 set 

Jn,i{s) = [X ■■ \x\ < Ko,\{Us,^f-+')\ < an,u[^^Js,Xn{s,x)) G 

If to > is as in {H2) and i = 0, . . . ,L, define 

Jn,i = |(S,X) : < S, xe Jn,i(s)}, 

and if < t < to, let 

int)=an'^~" J J lj„,,(,)(x)|^(s,y)|2T$-"+i(y)*,(x)dydxd5. 
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Let 



2 n 



liu[^aAs,Xnis,x)) > 0) 1(| (u,, <I>^"+^ ) | < a,) 



X \u 



(s, {y)-^s{x)dydxds. 



Then to prove Proposition [2TT] it suffices to construct the stopping times {UM,n = UM,n,Ko ■ M,n G 
N} satisfying (Hi) such that 



(3.13) 



for each M G N, hm £^(/+(to A C/m,™)) = 0. 



Note that (13.130 imphes (-^2) by symmetry (interchange Xi and X2). 
Our definitions imply 

L 

Il{t) <^Ii{t) for ah t < to, 

and so to prove (-^2) it suffices to show that for z = 0, . . . , L, 
{H2 i) for ah M G N, hm E{Il\tQ A Um n)) = 0. 

Notation. = 0^+^^^ . 

Now introduce the related sets: 

Jnfi{s) ={x £ [-Ko,Ko] : < a„, u^^^.o (s, x) > a^'/W 

for ah x' £ [x- 5lnif3o),x + 5Z„(/?o)], 
Ka-jis,x') - u,^^^j{s,x")\ < 2~'\^^^i\x' - x"\ V aZ-'Mi-^^-^i^ 
for ah x' e [x - A^/a^, x + 4:^/a^,x" E [x' - ln{Po),x' + IniPo)], 
and \u{s, x')\ < 30^^^^"^^^ for all x' G [x — x + v^a^|, 

for ah x' £ [x - 5ln{f3L),x + 5Z„(/3l)], 
and \u2^a-^{s,x')-u^^^o.L{s,x")\ < 2-^5a^+^ (|x' - x"| V 0^'^^^'"^^""^) 
for ah x' £[x - A^/a^,x + x" € [x - lniPL),x' + /n(/3L)]|, 

and for i E {1, . . . , L — 1}, 

Jn,i(s) =|x G [-i^o,i^o] : \{us,^'^-+')\ < an,u',.,{s,x') G [a^'+7l6,a^>] 

for ah x' £[x- 5ln{Pi),x + 5ln{Pi)], 
and |n2,,^.(s,x') - u,^^^^.{s,x")\ < 2-''a^^^\\x' - x"\ V ar2ft(i-7)-.i) 
for ah x' £[x- 4^, x + 4^], x" E [x' - L{Pi),x' + I^(A)]}, 
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Finally for < i < L, set 

Jn,i = {(s,x) : s > 0, j; e Jn,i{s)}- 

Notation. nAf(ei) = inf{n e N : a^i < 2"*^"^}, no(eo,ei) = sup{n G N : ^/o;; < 2"'^""''"'^*}, 
where sup = 1. 

The following proposition will be proved in Section [HI 

Proposition 3.3 Jn,i{s) is a compact set for all s > 0. There exist stopping times 

{UM,n = UM,n,Ko '■ ''^ ^ ^^1 Satisfying (Hi) from Proposition \2.1\ such that for i £ {0, . . . , L}, 

Jn,i{s) contains Jn,i{s) for all < s < Um.u o-n-d 

(3.14) n > nA/(ei) Vno(eo,ei)- 

Since Kq G N-^^ was arbitrary this proposition implies that there exist stopping times satisfying 
(Hi) such that the inclusion Jn,i{s) D Jn,i{s) holds up to these stopping times for n sufficiently 
large. This inclusion means that given a value of the derivative of ?ii,a„ at some point in a small 
neighborhood [x — y^a^, x + -y/a^] of x where \u\ is small, one can guarantee that the derivative of 
""1,0^ (for a certain a) is of the same order at any point in a much larger neighborhood of x (note 
that /„(/?) ^ ^/on for /3 < ^ — 6ei). Moreover we can also control ii2,a^ on those long intervals. 
Our goal now is to show that this implies (-^2,0 for i = 0, . . . , L. The next three lemmas provide 
necessary tools for this. 

Throughout the rest of the section we may, and shall, assume that the parameters M, n G N 
satisfy ()3.14p , although the importance of uq in ()3.14p will not be clear until Section [H 

Lemma 3.4 Assume i G {0, . . . , L}, x G Jn,i{s) and \x' — x\ < 4:y/a^. 

(a) lfi>0, then \u{s,x") - u{s,x')\ < 2at {\x" - x'\ V al~^^'^^~^^~'') for all\x"-x'\ <^A). 

(b) Ifi<L, and al'^^'^^'^^''' < \x" - x'\ < then 

/>2-5a^Hx"-xO ifx">x', 

U[S,X ) — U{S,X j < c ft:-,, „ 

^ ^\<2~^a?:+'{x"-x') ifx"<x'. 

Proof, (a) For n, i, s, x, x' ,x" as in (a), we have (since /3j + 5ei < i) 

(3.15) \x' - x\V \x" - x\ <5T^{l3i). 

We can therefore apply the definition of Jn,i and the Mean Value Theorem to conclude that 

\u{s, x") - U{S, x')\ < |U^^^«, (S, x") - U^^^<H (s, x')| + 1^2^^-. (s, x") - U^^^<H (s, X )| 

< a^^\x" - x'\ + 2-75^^.+! (1^// _ ^/| V „7-2ft(i-7)-.i) 

<2af'(|x"-x'| Var^^'^i-^)"^^). 

(b) Consider n, i, s, x, x', x" as in (b) with x" > x' . We again have ()3.15p and can argue as in (a) 
to see that 

u{s, x") - u{s, x') = U-^^^o,, (s, x") - U^ ,^o^, (s, x') + -Ug^^a, (s, x") - ^2^^-, (s, x') 

> (a^'+Vl6)(x" - x') - 2-'^^a?:+'{x" - x') 

> (a^'+732)(x"-x'). 
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The case x" < x' is similar. 



Notation. UA) = {65an^'+') V at''''''-^'-'', Fn{s,x) = - x)uis,y)dy. 

Lemma 3.5 Assume i £ {0, . . . , L — 1} and {s, x) £ Jn,i- 
(a) IflniPi) < |x - x| < IniPi), then 



'>2-^a^'+^{x-x) ifx>x, 
< 2-5a^?'+'(x - x) ifx<x. 



Fn{s,x) - Fn{s,x) 
(b) [X - T^iPi),X - IniPi)] U [X + ln{Pi),X + C Jn,i(s)^ 

Proof, (a) Assume x G [x + x + IniPi)]- Then 

(3.16) Fn{s,3:)- Fn{s,x) = (z)(ii(s, x + z) - u(s, x + 



For \z\ < let x" = x + z and x' = x + z. Then |x' — x| < ^/a^ and 

x" - x' = X - X G [/n(/?i),/„(A)]. 

Therefore Lemma l3.4f b) and ()3.16p imply 



F„(s,x) -F„(s,x) > / ''^ ^'^"+^{z)2-^ai'+\x-x)dz 
= 2-^ai'+\x-x). 

The proof for x < x is similar. 

(b) IfxG [x-T^{Pi),x-ln{l3i)\^[x + ln{(ii),x+'Q{(3i)l then 

\Fn{s,S:)\ > \Fn{s,x)-Fn{s,x)\-\Fn{s,x)\ 

> 2-^a?:+'ln{Pi) - an (by (a) and (s, x) G J^.i) 

33 
- 32 

Therefore x ^ Jn,i{s). | 

To ensure that (b) is not vacuous we obtain some crude lower bounds on the interval given 
there. 



Lemma 3.6 If i £ {0, . . . , L}, then 
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Proof. 

< (65a^^i) V an~^~'' (since A < 1/2) 

< 1 

by p.lOp and because < 2~'^^ by ()3.14p . This gives the first inequality. For the second one, 
use Pi < ^ — 6si and (|3.14|) to see that 

V^UP^)-' = at"'''"' < a2 < 1/2. 

■ 

Let 1^1 denote the Lebesgue measure of A C M. 
Lemma 3.7 For all i £ {0, . . . , L — 1} and s > 0, 

\Jn,M\ < WKoUATXiPi)- 

Proof. Fix s, i as above. Let In,i{x) = (x - x + /^(A)) C in,i{x) = (x - /„(/3j), x + 

This inclusion follows from Lemma 13.61 The compactness of Jn,i{s) (Proposition 13.3( 1 implies there 

are xi, . . . ,xq G Jn,i{s) so that J„,j(s) C U^^^X„,j(xj). 

Assume that for some k ^ j, |xfc — Xj| < /„(/3i)/2. We claim that Xn,i{xj) C In,i{xk)- Indeed, if 
y £ InA^j) then 

\y - Xk\ <\y- Xj\ + \Xj - Xfcl < IniPi) + ?n(/3i)/2 < IniPi), 

the last by Lemma 13.61 a-iid the claim is proved. Lemma l3.5l fb) implies 

J„,i(s) n (2'„,i(xfc) - ln,i{xk)) = 0, 

and so the above claim gives 

'In,i{^j) n Jn,i{s) C in,i{^k) H Jn,i(s) = X„,i(xfc) H J„,i(s). 

Therefore we may omit Zn^i{xj) and still have a cover of Jn,i{s)- Doing this sequentially for 
xi, . . . , xq, we may therefore assume that 

\xk- Xj\> ln{f5i)/2 ioiallk^j. 

Since each Xj E Jn,i{s) C [—Kq,Kq\, this implies Q < 2KQ{ln{f3i) /2)~^ + 1, and therefore 

I Jn,i(s)| < (47^0^^)-' + l)2/n(A) < 10ifoW)-'/„(A)- 



Proof of {H2). Fix M G N. Recall from our discussion after the definition of Jn,i sets that it 
suffices to show that for all i G {0, . . . ,L}, 

{H2,i) lim E{Il\to^UM,n)) = 0. 
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We will in fact show that if we strengthen (j3.14p to 

2 

(3.17) n > nM(ei) V no(eo,ei) V — , 

^1 

then we have the stronger L°° bound 

(3.18) into A UM,n) < cii^)toKoar~\ 

which clearly implies (H2,i) since 7 > |. Proposition 13.31 Supp{^^"^^) C [x — ^/(hl,x + -y/o^] and 
^ < £1 (by dSIZD) imply ' 

(3.19) /r(io A UM,n) < a''^'"' j'j j Jl{s< C/M,n)lj„ ,(,)(x)|n(s,y)|2T 

X l{\y - x\ < ^/a^)^^"+^{y)^six)dydxds. 

Consider first (j3.18p for i = 0. For x £ Jn,o{s) and |y — 2;| < we have |n(s,y)| < 3an ^'^''^^ 
and so from (j3.19p . 

/o (io A UM,n) < a~^~''3^^aZ^^-''^\moo ^ \Jnfi{s)\ds 

Jo 

3 

< a~^~''3'^^al^'^~'''^\^\\ootoWKoa-^''{{65al,-">) V al"'^) (by LemmaEZD 

< ci{^)toKoar~\ 

as required, where ()3.10p is used in the last two lines. 

Consider now i G {1, . . . ,L}. Assumes G Jn,i{s) and |y — x| < ^/a^.. We have ^>™""''^)| < a„ 

and 

5npp(^>™"+i) C [x - ^/a;;, X + ^/a;;]. 
Using the continuity of n(s, •), we conclude that 

\u{s,Xn{s,x))\ < an, 

and of course we have \xn{s, x) — x\ < ^/a^. Therefore 

(3.20) \y - Xnis,x)\ <2./a^ 

^ IniPi) (by Lemma . 
Apply Lemma [3^ a) with x" = y and ), to see that 

\u{s, y)\ < \uis, xn{s, x))\ + 2a^'(|y - x„(s, x)\ V ar2ft(i-7)-.i) 

(3.21) < a, + 4a^'"*"^ < 5a^'+^ 

where (|3.2Up and Lemma 13.61 are used in the next to last inequality. Use (|3.2ip in (j3.19p and 
conclude that 

(3.22) /r(toAC/M,n) <a;^"''52^an^^^'+^Vlloo f' \JnAs)\ds, i = l,...,L. 

Jo 
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Assume now 1 < i < L — 1. Apply Lemma 13.71 to the right-hand side of (j3.22p to see that 
into A UM,n) < ci(^)toKoa;^-^^+'^(^^+^Vn-^^"^ V ar ^^(1-^)-^ )a;5^-/5- 



(3.23) = cii^)toKo[a'n''' V a'n''']. 

A bit of arithmetic shows that 



Pi,i = 7 - ^ - 2/3i(l - 7) - eo - 6ei 
3 

> 27 - - - eo - 6ei (use /3i < 1/2) 



3 

>7 



4' 



where ()3.10p is used in the last. We also have 

/02,i = -^ + 27 + A(47-3)-7ei 
>27-^-7ei >7-^, 

again using (j3.10p in the last inequality. Use these bounds on pi^i, I = 1, 2 in (j3.23p to prove (j3.18p 
for i < i < L — 1. 

It remains to prove p.lSp for i = L. For this, use the trivial bound | Jn,i(s)| < 2X0 in (j3.22p 
and obtain 

^£(^0 A UM,n) < a~'^~''5^^aV^^'-^^^\moo2Koto 

< Ci(^')Koio«n 
<Ci(^)Koto«n^"^"'''' 

< ci(^)Kotoar^ 

yet again using (j3.10p in the last. This proves (j3.18p in the last case of i = L. Having proved (j3.18p 
in all cases, we have finished the proof of {H2). | 

Proposition 12.11 therefore applies and establishes Theorem 11.21 for b = 0, except for the proof of 
Proposition 13. 3[ This will be the objective of the next three sections. 

4 Some Integral Bounds for Heat Kernels 

If < p < 1, g G M and < A2 < Ai < t, define 

{t-sy{lA- 

It-Ai 

These integrals will arise frequently in our modulus of continuity estimates. 



Jp,,(Ai,A2,A)= / {t-sy(lA- ) 



ds. 
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Lemma 4.1 (a) If q > p — 1, then 

(4.1) Jp,,(Ai, A2, A) < A Aif A?+^-^ 

(b) If -I < q < p - I, then 

Jp,q(Ai,A2,A) 

(4.2) < ((p - 1 - qy^ + iq + 1)-')[(A A Ai)«+il(A2 < A) + (A A Ai)PArP+h(A2 > A)] 

(4.3) <{ip-l- q)'^ + iq+ 1)-^)A^'(A V A2)'?-^+\ 

(c) If q < —1, then 

(4.4) Jp,,(Ai, A2, A) < 2|g + Ij-^A A ^2f^t^~''- 



Proof. For all p, q as above, 



Ai 



(4.5) = 1(A2 < A) / u^du + l{Ai > A) APu^-p du. 

J A.2 ./A2VA 

(a) From ()i3]) . 



Jp,, < 1(A2 < A) ^"^'^ "^V + l(Ai>A)Af 1 



+1 

< {{q + l)-i + (g - p + l)-i)(A A A^YA\+^-P, 

which gives the required bound. 

(b) Again ()4.5p implies 

fAAAi)«+^ fAoVAl'i'+^-P 

Jp,, < 1(A2 < A) ^^ ''^y + l(Ai > A)AP ^^^^^^ 

g+1 p-l- q 

< 1(A2 < A)(A A AiY+\{q + l)-i + (p - 1 - q)-^) + 1(A2 > A)(A A AiYAl-P+\ 

which gives the first inequality. The second inequality is elementary. 

(c) By gSD, 

|g + 1| P - 1 - ^ 

1(A2<A),, ^ A^.A.+l-P , ..A / A . A ^ 



- i^^^i (A2 A A)PAr'"^ + 1(A2 < A < A 
+ 1(A < A2 



+ — --p.i 

(A A A2)PAl^^~P 



p — 1 — q 
<^(AAA2)^Ar^-^ 
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where we used A^+i < A^+^ = (A A A2)pA^+^"P if A2 < A, and \q + > (p - 1 
last line. 

Weletp[{x) = ^pt{x). 



-1 ; 



in the 



Lemma 4.2 



Proof. Trivial. 



Lemma 4.3 (a) There is a <n75| so that for any s < t < t' , x, x' £ M, 



(4.6) 



j {pt'-siy-x') - pt-s{y - x)f dy < cg3|(t - s] 



-1/2 



d{{t,x),{t',x')r 



1 A 



t - s 



(h) For any R > 2 there is a (^J^R) so that for any < p,r < R, tjq, rji S 1/2), < s < t < 

t' < R, X, x' eR, 



(4.7) 



r\y-^\\y _ x\P{pt-s{y - x) - pt'^siy - x'))h{\y - x\ > (f - s)V2-'?o V 2\x' - x\)dy 

, ^ 1/9 r // ^ 9^ , . r diit , x) At' x' )f /"i) 

^^)(t_5)-i/2exp{-,?i(t'-5)"2.o/33}^l^_U ' )) 



< 



t - s 



Proof, (a) Let f{u) = u ^1"^ . By Chapman-Kolmogorov, the integral in (j4.6p equals 

P2(t'-s)(0) +P2(t-s)(0) - 2pt/„5+t„5(0) + 2(pt/_s+t_s(0) -Pt'-s+t-s(a; - x')) 
< (27r)-i/2 r|/(2(t' - s)) + f(2{t - s)) - 2f{t' -s + t-s)\ 



+ {t' -s + t-s) 



"1/2 



1 — exp-^ 



f -jx-x')^ ^\ 
\2(t' -s + t-s)i) 



(4.8) 



(2^)-i/2[ri + r2]. 



Clearly r2 is at most (f- s)-^/^ 
(by the Mean Value Theorem) and so 



\x-x'\'^ 



2{t' - s + t- s). 
. IfO < n < m', < f{u)-f{u') < u-V2^[u-3/2|u'-u|] 



(4.9) 



2(t-s) 



-1/2 



A 



:\t'-t\ 



>(2(t-s))3/2' 

Use the above bounds on Ti and T2 in (j4.8p to complete the proof of (a). 

(b) This proof is very similar to that of Lemma 14.41 (b) below and so is omitted. There are some 
minor differences leading to the factor of 1/33 (rather than the 1/64 in Lemma 14.41 (b))-e.g., the 
much simpler analogue of (j4.20p below has Pu{w) on the right side. g 
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Lemma 4.4 (a) There is a so that for any s < t < t' ,x,x' €z M, 



(4.10) 



|(p;„,(y-x')-pU(y-^))' 



dy < 



't-s) 



-3/2 



di{t,x),it',x')f 



1 A 



t - s 



(h) For any R > 2 there is a <^J^R) so that for any < p,r < R, tjq, rji G 1/2), < s < 

t' <R, x,x' e^, 



er\y-\\y - - x) - p',_,[y - x')fl{\y -x\> {t! - sf'^-^^ V 2\x' - x\)dy 



(4.11) < cfg(i?)(t - s)-3/2exp{-r?i(t' - s)-'^- m 
Proof, (a) We first claim that 

(4.12) J p[{w)p[{w - x)d 



1 A 



d{{t,x),{t',x')r 



t - s 



t_ _ x'^\ p2t{x) 

2 4 ; i2 ■ 



To see this, first do a bit of algebra to get 

(4.13) pt{w)pt{w - x) = pt/2{w - {x/2))p2t{x). 

Therefore the left-hand side of (j4.12|) equals 



w{w — x) 



Pt{w)pt{w — x)dw 



w(w — x) 

-2 Pt/2{w - {x/2))dwp2t[x) 



u 



-)pt/2{u)du 



P 2t{x) 
t2 



{u = w- {x/2)) 



t x'^\p2t{x) 



2 AJ t^ 



giving the right-hand side of (j4.12p . 
Next we claim that 



(4.14) 

Some algebra shows that 
(4.15) 



Pt'iw - x)p't{w - x)dw = {t + t') Pt'+t{^). 



Pt'{w)pt{w) =pt'+t{0)p t't (w) 



Therefore the left-hand side of (j4.14p equals 



—pt'{w)pt{w)dw = I -rrP tt' iw)dwpt'+tiO) = {t + t'y^pt'+t{0), 
It J 1 1 t+t' 



and we have (|4.14p . 
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The left-hand side of ()4.10p is bounded by 
(4.16) 2 j {Pt>^,{y - x') - Pt,_,{y - x)fdy + j {Pt,_,{y - x) - p'tsiv - x)fdy 

= 2(ri + r2). 

Now expand Ti and use (|4.12p to see that 

Ti = 2 y p't,^^{y - xfdy -2 j p[,_^{w)p[,^^{w + x- x')dw 

[f — s)^ V 



{t' - Sy^{p2(t'-s){0) -P2(t'-s){x' - x)) + ^^j^^-—^P2(t'-s){x' - X) 

^2- 



< {f - s) 



-3/2 



1 A 



1 A 



{X — X] 

t' -s 
{x' - x)2 



+ (sup(ze-")(t' - s)'3/2) A {{x' - xf{t' - 



t' -s 



Finally let g{u) = u ^/^^ ^nd expand T2 and use ()4.14p to conclude 

T2 = (2(i' - s))-V2(t'-s)(0) + {2{t - s))-V2(t-s)(0) -2{t-s + t' - s)- Ws+t'-s(0) 
= (27r)-i/2[5(2(t' - s)) + g{2{t - s)) - 2g{t' -s + t-s)] 
< (27r)-i/22r(2(t - s))-3/2 ^ (2(t _ s))-^/^\t' - t\ . 

The last inequality follows as in (j4.9p . Use the above bounds on Ti and T2 in (j4.16p to complete 
the proof of (a). 

(b) Note that \y - x\ > {t' - s)V2-% v 2|x' - x| implies that 

ft' _ 5U/2-»?0 

(4.17) \y - x'\ >\y-x\- \x' - x\ > \y - x\/2 > ^ ^ 

and in particular from the second inequality, 

(4.18) \y-x\<2\y-x'\. 

Assume p,r,r]i, s,t,t' as in (b) and let d = d{{t,x),{t' ,x')). By Holder's inequality and then (a), 
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the integral on the left-hand side of (j4.1ip is at most 

1-^1 /2 



{Pt-siy -x)- Pt>^s{y - x')) dy 

- x|2p/^nPt~«(y - x) -p't,_Ay - x')fK\y -A> it' - s)^/^"''° V 2\x - x'\)dy 



m/2 



, 3 , 3vi 
< Cl{t - S)~2+ — 



<C2{R){t-s)-l+'-^ 









1 A 


[/ 


L t-s\ 









1-^ 




1 A 




L t-si 







(Pt-siy-x) +Ptf_,{y-x) ) 
X l(|y-x| > [t' - s)^^^~'"> V 2\x - x'DdyV'^^ 

M^'"\w\^p[_,{wfl{\w\ > {t - sY/^-"'>)dw 



(4.19) 



2p 



where in the last we used (|4.17|) and (|4.18|) . 
lf\w\ > then by Lemma [Ol 



(4.20) 

Use this to show that 



PuH' < 42P"W(^)^ < ^^-'^'e-'^'-^'^uH 

< Cz{R)p2u{w). 



J e^^'"\w\^p't,_,{wfl{\w\ > {t' - sfl^-'iy2)dw 
< C4{R)\ [ e^^'"\w\^p2^t'~s){w)l{\w\ > {t' - s)^/^-'^y2)dw 



< C5(i?)^(e^^^^'^''|5i|t)'?i/4p(|5^| > J_(t' _ s)-^o)m/4 (by Holder: 

2\/ 2 

< cq{R) exp{-7?i(t' - s)~2''V64}. 



Use the same bound with t in place of t' to see that the right-hand side of (|4.19p . and hence of 
(j4.1ip . is at most 



C7iR){t - sf^'/^t - s)-^/"^ 1 A 
The result follows because {t — s)^''^/'^ < R. 



d' 



t - s 



exp{-(t' - s)-^''"??i/64}. 



5 Local Bounds on the Difference of Two Solutions 

This section is devoted to establishing the local bounds on the difference of two solutions to (jl.Sp . 
These bounds are crucial for the construction of the stopping times in Proposition 13.31 which is 
then carried out in Section [6l We continue to assume throughout this Section that 6 = 0. Recall 
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that X^,X'^ are two solutions as in Section El n = - X^, and we assume the hypotheses of 
Theorem O as weh as (l2:29]l . 

We refine the earher set Z{N, K) and define, for i^, iV, n e N and (5 G (0, 1/2], 

Z{N,n,K,l3){uj) ={{t,x) G [0,r^] x [-K,K] : there is a (to,^o) e [0,Tx] x M such that 

d{{io,XQ),{t,x)) < 2~^, \u{io,xo)\ < an A {^/a:^2~^), and lu'i^^,^ (to, xo)| < a^^}, 

and for /? = define Z(A^, n, -fC, 0)(c(;) = Z{N,n, K){uj) as above, but with the condition on 
l^'i,a„(*o,£o)| omitted. 
Recalling 7 < 1, we let 

(ry _ 1/2V1 - 'y"^) 

(5.1) 7m = ^ + 1, 7m = 7m A 2 

1-7 

so that we have the recursion relation 

(5.2) 7m+i = 77m + 1/2, 70 = 1- 

Clearly increases to 700 = (7 — 1/2)(1 — 7)"^ + 1 = (2(1 — 7))^^ > 2 and so we may define a 
finite natural number, m > 1, by 

(5.3) m = min{m : jm+i > 2} = min{m : 77^ > 3/2}. 

Definition. A collection of [0, 00] -valued random variables, {N(a) : a G A}, is stochastically 
bounded uniformly in a iff 

lim sup P{N{a) > M) = 0. 

Finally we introduce the condition whose proof will be the goal of this section. Recall that Ki 
is as in (j2.36p . 

Property (Pm)- For m G we will let (Pm) denote the following property: 

For any n G N,^,eo G (0,1), K G N-'^^ and /5 G [0,1/2], there is an Ni{uj) = Ni{m,n, ^, eq, K, P) 
in N a.s. such that for all N > Ni, if (t, x) G Z{N,n,K,(3), t' < Tk, and d{{t,x), {t',x')) < 2"^, then 
\u{t',x')\ < a-^02"^«[(^V2-^)^™-i +a^l(m > 0)" . 
Moreover A^i is stochastically bounded uniformly in (n,/3). 

Here is the main result of this section: 
Proposition 5.1 For any m <m + 1, {Pm) holds. 
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Proof. (Pq) is an easy consequence of Theorem [231 as we now show-and we may even take £q = 0. 
Let ^ G (0,1) and apply Theorem with ^' = + l)/2 in place of ^. If {t,x) G Z{N,K){d 
Z{N,n, K, P)) and {io,XQ) is as in the definition of Z{N,K), then {io,xo) G Z{N,K + 1) (we need 
K + 1 since |xo| < K + l). Theorem EJimphes that if iV > iVo(C',i^ + l) V4(l-^)-i = Ni{Q,i,K) 
(it doesn't depend on {n,(3) and there is no Eq), then 

\uit,x)\ < + \uiio,xo)\ < 2i-^«'. 

If {t',x') is as in (Pq), the above and Theorem 12.31 imply 

\uit', x')\ < |n(t, x)\ + |n(t', rr') - n(t, x)| < 2^-^^' + 2"^?' < 22-^?' < 2"^^, 

where the last inequality holds because N > 4(1 — (Pq) follows. 

The induction step will require some additional continuity results which also will be used directly 
in the next section. We start by noting that (Pm) easily gives some global bounds on 

Lemma 5.2 Let < m < m + 1 and assume (Pm)- For any n,(,,£o,K and (3 as in {Pm), if 
dN = 2-^ V d{{s,y), {t,x)) and ^/C^uj) = (40"^° + 2^^^^^hKe^), then for any N eN, 

(5.4) 

we have 

(5.5) 



on{uj : N > Ni{m,n,^,eo, K, P), {t,x) £ Z{N,n,K,P)}, 



(^/a;; V dAr)"^™"^ + l(m > 0)a(; 



for all s < Tk and y G 



Proof. Assume N,u),t,x are as in ([57 
Case 1. d = d{{s,y),{t,x)) < 2~^K 

If d > 2-^ choose A^i < iV' < so that 2'^'^^ < d< 2"^', and if d < 2"^ set N' = N. Then 
{t, x) G Z{N', n, K, p), d < 2-^' < 2"^ V 2d < 2dN and so by (Pm) for s < Tk, 



\uis,y)\ < a, 



(V^ V 2-^')>"-i + l(m > 0)a^ 



< 4a-^«(div)^ (v^ V (iTv)^™"^ + l(m > 0)a^ 



Case 2. d> 2-^K 

As K> Ki, for s < Tk, 



i{s,y)\ < 2Ke\y\ < 2Ke\y\{d2^'f+"'^-^ 

< 2Ke^e\y-''\2^^'(dN)^+"'^~\ 



The Lemma follows from the above two bounds. 



Remark 5.3 If m = we may set Eq = in the above and Ni will not depend on {n,EQ,l3) by the 
above proof of (Pq)- 
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To carry out the induction we first use (Pm) to obtain a local modulus of continuity for Fs- 
From Lemma l3.ll we have for s <t <t' and s' < t' 



(5.6) 



\Fs{s, t, x) - Fsis', t', x')\ <\Fs{s, t', x') - Fs{s', t', x')\ + \Fs{s, t' , x') - Fs^s, t, x) 

r{s'-S)+ 

P't'-riy - x')D{r, y)W{dr, dy) 



{s-5) + 

{s-5) + 



+ 



{p't'^riy - - Pt-riy - x))D{r, y)W{dr, dy) 







This decomposition and (j3.2p suggest we introduce the following square functions for ■i]q G (0, 1/2) 
and J G (0, 1], and s < t < t' , s' < t': 

-(sVs'-<5)^ 



\x — X 



QTAs,s',t',x') = / ' ' / p[,_^,{y - x'fe^''^\y\\u{r,y)\'"'dydr, 

J{sAs'-5)+ J 

f{s-5)+ f 

Qs,i,5,vois,t,x,t',x') = j l{\y-x\ > (t'-r)i/2-^« V2|i 

X (p;,_,(y - x') - p'^^,{y - x) fe^^^\y\\u{r, y)\''^dydr, 

Qs,2,s,vois,t,x,t',x')= j^' j l{\y-x\<{t' -rf/^-'^^y2\x-x'\) 

X {p[,_,{y - x') - p't_,{y - x)fe^''^\y\\u{r,y)\'''<dydr. 

Lemma 5.4 For all K G ^-^^,R > 2 there is a (^5^K, R) and an i\j5^= N2{K,uj) G N a.s. so 
that for all 7?o,m e (1/-R, 1/2), (5 G (0,1], /3 G [0,l/2\^nd iV,n G N, for any (t,x) G M+ x M, on 

{u; : {t,x) e Z{N,n,K,P),N > 



(5.7) 
(5.8) 

Qs,i,5,vois,t,x,t',x') < c|5^^1l3f'^^ \d^-i^+{dAVsf-'i^6~^/^{dM)'^^^ for alls<t<t' and x' G 
Here d = d{{t',x'), {t,x)). 

Proof We let N^^K,uj) = iVi(0, 3/4, K), that is we recah from Remark that for m = 0, Ni 
depends only on ^ and K and we take = 3/4. We may assume S < s as the left-hand side is 
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otherwise. Then for oj as in (j5.7p and s < t < t' , Lemma 15.21 with m = impHes 
Qs,iAw('S>^)3;,t',x') 



< 



to 



< 



l(|y - x| > (t' - r)i/2-^« V 2|x - - x') - p'^_,{y - x)f 

X e^RMe^\y-^\{2'^ V +\y- x\)y^/^dyds 

l(|y - x| > (t' - r)i/2-* V 2|x - x'\)ip',,_,iy - x') - p'^.^y - x)f 



g2fiii^g2(Ri+l)|j;-x|p^73/4 ^ 2|y - x\^^'^]dyds 



s-5 



<C^ooU{K,R) 1^ (t-r)-3/2exp{- 



-r?i(t'-r)-2w 
64 



1 A 



t - r 



(ir. 



In the last hne we have used Lemma 14.4( b). Use the trivial bound (recall r < s < t < t') 



expi 



-7]i{t' - r) 
64 



-2% 



< exp 



-m{t' -t) 



128 



I +exp|- 



-7/1 (t - r) 



-2r?o 



128 



and then Lemma HTTl in the above, to bound 1 ,5 „(,(s, t, x, t', a;') by 



C^u;)coiK,R) I (t-r) 
rs-6 



s-5 



-3/2 



1 A 



d^ 



t — r 



exp|- 



-mit'-t) 



-2V0 



+ 



(t-r) 



-3/2 



1 A 



^2 xl-m/2 



t — r 



expi 



128 

-r/i(t - r) 



-2r?o 



128 



-2r?o 



1 A 



d^ \l"')/2 



t — r 



dr 



< q5Mu;)c,{K, R) [id' A 5)'-^^/'S-y' «^P^^^^^T28^} + ^^^^^ 

< C^uj)c2{K, R) Ud A Vsf-'^'d-^/^d A 1)^^ + d^-*?! . 

Now since we may set Eq = in the formula for by Remark 15.31 the result follows. | 

Lemma 5.5 Let < m <fn + 1 and assume {Pm)- For any K e N-^\ii > 2,n G N, £ (0, 1), 
anrf /?€ [0, 1/2] there is a (^^^K , R) and = A jjyj| (m-, re, fi, gp, K, /3)(lij) g N a.s. such that for 
any r/i G (i?"\ 1/2), r?o G (0, r/i/32), 5 G [a„,l], TV G N, and (t,2;) G M+ x M, on 

(5.9) {u : {t, x) G Z{N, re, i^, /?), > Afjj}, 

<5s,2,5,»?o(s>*>a;,t',X ) 

< C[5j(i^, R)[a-'^0 + 2^12:1 [d^-''^ [477.-3/2)A0 ^ «2,74^-|)-0] 

+ (d A ^/5)2-''M-3/2[^-2^77™ ^ ^2/37^-2^7] 

/or a// s < t < t' < ET, |x'| < -fC + 1. 

Here d = d{{t, x), (t' , x')), (In = d\/2^^ andS^ = 5\jiPj^. Moreover is stochastically bounded 
uniformly in {n,(j). 
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Proof. Let ^ = 1 - {8Ry^ G (15/16, 1) and define = Ni{m, n, ^, eq, K, /5) so that the last 

statement is immediate from (Pm)- We may assume s > 5, or the left-hand side is 0. As 6 > an, 
when we use Lemma I^T^ to bound u{r, y) in the integral defining Qs,2,5,t]o, we have d{{r, y), (t, x)) > 
y/a^ and so we may drop the max with -y/a^. So for lo as in (j5.9p . s < t < t' and \x'\ < K + 1, 
Lemma 15.21 implies that 



Qs,2,S,r,ois,t,X,t',x' 



< 



s-<5 



X [2-^ V {{t - r)i/2 + (t' - r)i/2-''n V (2|x - x'\))f^^ 

X { [2-^ V {{t - r)i/2 + (^/ _ ^)i/2-% V (2|x - x'l))]^™-^ + a^} 
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dr. 



Let y = 7(1 - 2r/o). Recall that t < t' < K, \x\ < K and < K + 1, so that ./t^ < 
K-no(t' - r)i/2-»7o and \x - x'\ < {2K + l)\x - x'l^-^'Jo. Use this and Lemma|131^a) to see that the 
above is at most 



ci{K)C^ r \t - r)-3/2 (^1 A ^) (2-2^^ V it' - ry' V |x - xf ''')^ 



(5.10) 



2-2iV7(7™-i) V (t' - r)^'(^™-i) V \x' - + af ^ 



dr. 



Note that 

(5.11) 2-2^^ V it' - ry' V \x' - xp^' < 2-2^^' V d^V + (t _ ^)7' < 2[4V ^ _ ^)7']. 

Use this to bound the summands in ()5.10p and conclude that 



Qs,2,S,r,o{s,t,X,t' ,x') 

<C2{K)q^J^ \t-r) 



-3/2 



1 A 



d2 



t - r 



[4v(i-r)r'« 



X 



[4 V (t - r)]^'(^'"-i) + ^ 



dr 



d2 



t — r 



<C2{K)C^[J^ (t-r)V5-3/2^1^^_^ 

+ ^*~'(t-r)-3/^(lA/^)drdl7'« 

(5.12) ^c2(ir)qo]{/i + /2}. 
Apply Lemma HTT c) to see that 

(5.13) /2 < (d A V5)2r3/2(i^'« 



727' {7m -1) 



727' (7™,-!) _^ ^2/37 
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In the integral defining Ii we may drop the minimum with 1 and, adding a log(l/5Ar) factor just 
in case the exponent on n is —1, we arrive at 



(5.14) 



h < d 

<cs{K)d' log(l/5jv) 



<5jv J ' 

■2 ,„„n r^[7'(7m+C-l)-3/2]A0 ^ ^2/37^[7'C~3/2]A0" 



The log l/^Tv is bounded by c{R)d~^^^'^ . A bit of arithmetic shows that our conditions rjo < r?i/32, 
1 — ^ = 1/ 8R and rji > 1/R allow us to shift ^ to 1 and 7' to 7 in the exponents on the right-hand 
sides of ()5.13p and (|5.14p at the cost of multiplying by d^''^/^. So using this, (|5.13p and (|5.14p in 
(j5T2]) . we get 



Qs,2,5,»?o(Si*'^'*''^') 



F[77m-3/2]A0 „2/37F[7~3/2]A0' 



J277„ 



The result follows from the definition of Cfg^] identity 
(5.15) [7(7™ A 2) - 3/2] A = (77m - 3/2) A 

(use 7 > 3/4 here). | 

Lemma 5.6 Let < m <m + 1 and assume (Pm)- For any K G n-\R > 2, n G N, eo G (0, 1), 
and P G [0,1/2] there is a c^^^ K) and A jj^'g] = ]\^^^m,n, R, eq, K, (3)(lo) G N a.s. such that for 
any r]i G {R~^, 1/2), 5 G K, 1], iV G N, and (t, x) G M+ x M, on 



(5.16) 



{lj : (t,x) G Z(iV,n,K,/3),A > Afjj}, 



QT,5(s,s',i',a^') 



"j(77m-3/2)A0 _^ ^2/37j(7-3/2)A0 



(5.17) 



+ i(j<4)'^-'/^[4"^'" + ar47] 

/or all s <t < t' , s <t' < Tk, and \x'\ < AT + 1. 



Here d = d{{t, x), {t', x')), d]\j = dV 2 and 6n = 5 V d^. Moreover is stochastically bounded 

uniformly in (n,/3). 

Proof. Let ^ = 1 — {2R)^^ and define N^^ = Ni{rn,n,S^,£Q, K, (3) so that the last statement is 
immediate from (Pm)- We may assume s V s = s > 6, ov the left-hand side is 0. Let s = sAs'. 
We again use Lemma 15.21 to bound \u{r,y)\ in the integrand defining Qt,s and the maximum with 
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yja^ can be ignored as it is less than \/t' — r in the calculation below. So for to as in (j5.16p and 
s, t, s' , t' , x' as in (j5.17p . we have (note that r < s < t' < Tk so that Lemma [5^ applies) 

< CfO [ Pt'-riy - x')2e2«i^e2(«i+i)l2^-l [2-^ V (Vt^ + \y - x\)f^^ 

{2-^ V {VtT^ +\y- x|))^™-^ + a^j ^^dydr. 
Use Lemma |4.2| the inequality 

(5.18) V {Vf -r + \y -x\) < (2^^ V \x - x'\^ + Vt' - r + \y - x'\ < (In + Vt' - r + \y - x'\, 
and e2(^i+i)ly-^l < co(iv:)e2(^i+i)ly-^'l to bound the above by 



+ (t' _ ^)7{7™-l) + |^|27{7™-1)) + , 



,2/37 



dzdr 



+ (t'-r)^(^--i))+af^ 



— 'y(s-<5)+ L 

< C2{K)0^{ r' l(r <t'- 4) [(t' - r)^(^-+«-i)-3/2 + aT'{t' - r)^^-^/^ 



+ / l{r>t'-dj^){t'-r)-^/^dr 
'{s-5) + 



47(7.-f«-l)+„2/3747C]} 



(5.19) =C2(i^)q^{ji + J2}. 
Now 



and so 

(5.20) 

(5.21) 



l(r > t' - 4)(t' - r)-3/2(ir < 1(5 < 4)[(t' - s + 5)-3/2|g/ _ g| ^ 2(t' - s + 6)~^/^] 

< 1(5 <4)2r3/2(|s'-s| A(5), 



J2 < l{6 < 4)2^3/2(1,' _ ^1 ^ 5)427(1-0) Jj2^77™ + „2/37j2^7 

< C3(if)l(5 < d'N)6-^/\\s' -s\A 6)'-"-^ [4^- + af ^4 



In the last line we used 7(1 - C) < 1 - C < (2^)""^ < ??i/2 and |s' - s| < 2K. 

Turning to Ji, let p = 7(7^ + ? — 1) — 3/2 or 7^ — 3/2 for < m — 1 < m. Our bounds on 
7 and £, (both are bigger than 3/4) imply p e [7^ - 3/2, 1/2] C [-15/16, 1/2]. If p' = p A and 
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< e < —p', then 

-<5 



I{p)= I l{r <t' -4^){t' -r)Pdr 
'(s-<5)+ 
rs~S 



< r l{r <t' -dpN)^{t' -rf'dr 
J{s-5)+ 

<\^mm(^\s' - s\?j^, J uP'duj 



<16VK\s'-s\P'+^mm(^(^ ^^- ^ , l) (use > -15/16) 



< 16Vk\s' - s\P'+^ 



\s' - s|\-p'-s 



6n 

(5.22) = 16^\s' - s\^-'5'j^P' . 

Define q = p + 7(1 — 0^ so that q = 77^ — 3/2 or 7 — 3/2. 
Case 1. g < 0. 

Then p' = p < 0. If e = ^(l - ^) < {2R)-^ < ryi/2, then e + p' = g < and so ([5:22]) applies, and 
gives 

(5.23) I{p) < 16Vk\s' - s\^~'6'j^ < 16K\s' - 
Case 2. q> 

Then p' = {q - 7(1 - 0) A > -7(1 - i). Let £ = -p' < 7(1 - < (2i?)"^ < ??i/2 m ([5:22]) and 
conclude 

(5.24) I{p) < lQy/K\s' - s]^"^ < 16i^|s' - s]^"^. 

In either case we have shown that I{p) < lQK\s' — s|^~~2'^^''. This gives 

r(77™-3/2)A0 2/37 ?(7-3/2)A0" 



(5.25) Ji < C4(-fC)|s' - s| 
Put ([OT]) and ([05]) into ([5T9]) and use ([05]) to complete the proof. I 
Notation. d{{s,t,x), {s',t',x')) = y/js' - s\ + y/\t' - t\ + \x' - x\. 

Lemma 5.7 Let CQ,ci,C2,kQ be positive (universal constants), ij £ (0,1/2), and A : Nx(0, 1] ^ M+ 
satisfy A(n, 2^^+^) < A;oA(n,2~^) for all n,N G N. For n G N and t in a set S assume 
{YT,n{s,t,x) : {s,t,x) £ M^xM} is a real-valued continuous process. Assume for each {n^r), G N, 
and f3 £ [0, 1/2], there is an Nq{uj) = NQ{n, tj, K, r, P){uj) G M a.s., stochastically bounded uniformly 
in {n,T,(3), such that for any N gN, {t,x) G M_|- x M, and s < K, if d = d{{s,t,x),{s' ,t' ,x')) < 
2"^, then 

(5.26) P{\Yr,n{s,t,x) -Yr,n{s',t',x')\ > f?-''A(n, 2"^), (t, x) G Z{N,n,K,P),N > No,t' < Tk) 
< coeM-cid'"^^^)- 

Then there is an Nq = NQ{n,ri, K,t, f3) G N a.s., also stochastically bounded uniformly in {n,T,(3), 
such that for all N > %{uj), {t,x) G Z{N,n, K, p){uj), d = d{{s,t,x), [s' ,t' , x')) < 2"^, s < K 
and t' < Tx, 

\Y^,nis,t,x)-Yr,n{s',t',x')\ < 2'' k^d'-^ A{n, l'"" ) . 
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Proof. Let 

M,,^ = M,^^'^'^ = max{|y.,„((z + e)2-2^ (j + /)2^2^, (A: + 5)2^0 " i"r,n(^2-'^ j2^2£^ ^2-^)| : 

(j2-2^ A;2-^) G Z(iV, n, K + 1, (3), e, f = -4, -3, . . . 4, i2~^^ <K + l, 
5 = -2, -1, ... , 2, (i + /)2-2^ < Tj^+i, i, j, i + e, j + / G Z+, A; G Z}, 

and 

= : 3£ > iV + 3 s. t. Mf,7v > 2(3"^)(i-'') A(n, 2"^), > A^o(n, ^ + 1, r, 
For i, J, k, e, f, g as in the definition of M^^tv and i > N + 3, 

dm + e)2-2^ + /)2-2.^ ^ ^)2~^), (z2-2^ j2-2^, A:2-^)) < 2^-^ < 2"^. 
Therefore (j5.26p imphes that for some c\ = c\{r]) > 0, 

oo oo 

P{1^'S>=nAn') < E E 5-92[22^(if + l) + l]2[2^+i(i^ + l) + l]coexp(-ci(23-^)-^'=^) 
Ar'=Ar e=N'+3 

<cs{K)exp{-c[2^^''). 

Let 

iVa = N2{n, T], K, r, /?) = min{7V : uj G n^,=^^^,}. 

The above imphes that 

(5.27) P{N2 >N) = P(U?^,=^^7V') < C3{K) expi-c[2^^'^'). 
Define 

%{n, ri, K, T, 13) = (7Vo(n, V,K + l, r, /?) V iV2(n, ??, i^, r, + 3. 

N'q is stochastically bounded uniformly in (n, r, /5) by (j5.27p and the corresponding property of Nq. 
Assume 

(5.28) N>No, {t,x) e Z{N,n,K,P), d{{s,t,x){s' ,t' , x')) < 2^'^ , s < K and t' < Tk- 

Define dyadic approximations by S£ = [2^^sj2~^^, t£ = [2^^tj2^^^, X£ = sgn(x) [2^|x|j2~^, and simi- 
larly define s^, t'^ and x'^ for {s',t',x'). Choose (to,xo) as in the definition of {t,x) G Z{N,n, K, P). 
Then jx^l < |x| < K, < |x'| < K + 1, s'^V si < s' y s < K, t'f,y ti < t' y t <Tk, and if £ > N, 

d((4, 4); (*"o, io)) < d{{t'^, x'f,), {t', x')) + d{{t\ x), [t, x)) + d{{t, x), (to, ^o)) 

< ^|4-t'| + |x^-x'| + 2i-^ 

< 22-^. 

This proves that 

(5.29) (4, x'^) G Z{N -2,n,K + C Z{N -3,n,K + l, f3) for all £>N, 
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and even more simply one gets 

(5.30) x^) G Z{N - 3, n, K, (3) for all ^ > A^. 

In addition, the fact that N > Nq implies u S — 3 > A'^o, which in turn implies 



(5.31) 



(3-£){l-r,) 



A(n,2"(^"^)) for all £>N. 



Choose A^' > such that 2'^'-^ < d{{s,t,x), is',t',x')) = d < 2"^'. Then \x' - x\ < 2"^' which 
implies x'j^, = xn' + g2~^ for g G {—1, 0, 1}. Similarly s'^, = sn' + e2~^^ and t'^, = t]\[' + /2~^^ 
for e, / € {—1,0,1}. In addition, S£ = si-i + e4~^, te = t^-i + /4~^, and xi = xi-i + g2~^ for 
some e, / G {0, . . . , 3} and g G {—1, 0, 1}, and similarly for s^, t'^ and j;^. Let tf;^ = {si, ti, xi) and 
w'g = {s'l, t'^, x'^). Now use (15.29p . (I5.30p . (I5.3ip . the definition of Mi^j\fs and the continuity of Yr^n 
to see that for {s,t,x), {s' ,t' ,x') as in (|5.28p . 

|^^,n(S) ^) •^) ^^,n(s 5 ^ ) 3; )| 

oo 

< |yr,„(u;V) - YT,n{'^N')\ + ^ I^T,n(Wf) - Yr^n{Wi-l)\ + |lV,n(u'£) - lV,n(w^£-l)| 



<M^/,^_3+ ^ 2M£,7V-3 

e=N'+i 



< 



l=N'+l 

< (36)2-^'(i-^)A(n, 2^(^-3)) 

< 2^A;|j(ii-''A(n,2~^). 



Notation. Introduce 
(5.32) A„/ (m,n,a,eo,2"^) = a 



^-3a/42-iV77™ + („«/2 ^ 2-^)(7-+i-2)A0 
+ a;3a/4+/37(„a/2v2-^)^". 

We often suppress the dependence on eq and a. 

Proposition 5.8 Let < m < m + 1 and assume (Pm)- For any n G N, 771 G (0, 1/2), £q G (0, 1), 
K G a G [0,1], and 13 G [0,1/2], t/iere is an ]\^^m,n,r]i,eo, K,a, P){uj) G N-^ a.s. 

such that for all N > Afj^g {t, x) G Z{N, n, if, /3), t' <Tk, s < K, 



d{{s,t,x), {s ,t' , x')) < 2 ^ implies that 

\Fa^ (s, t, x) - Fa^ (s', i', x')\ < 2-^^d{{s, t, x), (s', t', x'))'""^ A„, (m, n, a, Eq, 2"^). 
Moreover A j^^ is stochastically bounded, uniformly in (n, a,/3). 
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Proof. Let = ^ and choose r/o G (-R "^,??i/32). Let d = d{{t, x), {t' ,x')), d = d + ^/\s' — s|, 
dN = d\J 2^^, 5n,N = a^\/ cPj^ and 

2 

Qa'^{s,t,X,s',t',x') = QT,a^{s,s\t' ,x) + Q S,i,a'^,rjo{s, t, X ,t' , x') . 

1=1 

By Lemmas l5.41l5.5l and l5.6l there are is a ci{K, rji) and N2 = N2{m, n, eo, K, (3){uj) stochastically 
bounded uniformly in (n,/?), such that for all G N and {t,x), on 

(5.33) {lo : {t, x) G Z{N, n,K + l, p),N > N2}, 

(5.34) R^^Qa^{s,t,x,s',t',x')^/^ 



for all s < t < t', s' <t' < Tk, \x'\ <K + 2. 
Let = {2>'i/rji)[N2 + N^^^K^rji)], where Ni{K,r]i) is chosen large enough so that 
(5.35) ci{K,7]i)[a-''> + 2^^^]2~'^'^■'/'^ < ci(i^, 7?i)[a;"« + 2^^^]2-^^^-^^^ 

< a-"«2-io^ 

Let 

Aim,n,dN) =2-ioOa;^o{a;3"/4[d^7™ +a^7j^] 

/ r; \(77m-3/2)A0 / fZ x(7-3/2)A0-, 

Let A^' G N and assume d< 2-^'. Use (IOi]l and (fOHj) to see that on 

{to : it,x) G Z{N,n,K +1,P),N > N3,N' > N3} 
(which implies \x'\ < K + 2), 
(5.36) 

R^,Q,.{^,t,x,s',t',x')'/' < ci(i^,r?i)K^° +22^^]2-''i^'/4Ji~{3,,/4)2ioo^eo^(^^^^ 

< Ji-(3m/4)^KMA0 all . < t < t', < t' < T^, |x'| <K + 2. 
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Combine this with (j5.6p , ()3.2p , the definition of Qa^ , and the Dubins-Schwarz theorem, to conclude 
that for s < t < t', s' < t', d{{s,t,x),{s' ,t',x')) < 2'^', 

P{\Fa^ (s, t, x) - Fa^ (s', t',x')\ > d((s, t, x), {s',t', s'))^-"^' A{m, n, d,v)/8, 

{t,x) G Z{N,n,K + 1,^), N' AN> iVg, t' < Tk) 

<2P{ sup |B(n)|>J--^^^) 

< 2P(sup|S(n)| > J-^i/^) 

M<1 



(5.37) < coexp(-d-''i/V2)- 
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Here B(u) is a one-dimensional Brownian motion. 

To handle s > t, recall that Fa^ (s, t, x) = Fa^ (s, sVt,x). One easily checks that 

V|S Vt - S'yt'l < - S'\ + y/\t - t'\ 

and hence d{{s,s V t,x),{s',s' V t',x')) < 2d{{s,t,x),{s' ,t' ,x')) = 2d. So (fOT]) implies that for 
t < t' and all s,s',x\ if d{{s,t,x), {s' ,t' ,x')) < 2-^'-\ then 

P(|F,. {s, t, x) - Fa^ {s', t', x')\ > d{{s, t, x), is',t', x')y-'''A{m, n, d7v)/4, 

{t,x) e Z{N,n,K + t' <Tk, N' + 1>Ns + 1, N > N3) 

(5.38) < coexp(-d-''i/V2)- 

If {t,x) £ Z{N,n,K,l3), t' < t and d = d{{t,x), {t' ,x')) < 2'^, then we claim that {t',x') £ 
Z{N — l,n, K + 1,(3). Indeed if {to,xo) is as in the definition of (t, x) G Z{N,n, K, P), then 
di{io,xo), it',x')) < 2~(^~i). Also \x'\ < K + 1, t' <t <Tk, and the claim follows. Note also that 
as d < 2"-^, we have d^ = 2~^ . An elementary argument using 77^ < 2 for k < m — 1 < rn and 
77A: < 2, shows that 

(5.39) A(m, n, 2"^) > 4-^A(m, n, 2-^^-^^). 

So, by interchanging {t',x') and (t, x), and replacing A^ with A^ — 1, (j5.38p and (|5.39p imply that 
for t' <t,d< 2-^' and d < 2"^, 

P(|F,.(s,t,x) - F„.(s',t',x')| > J^-''iA(m,n,2-^), 

(t,x) £ Z{N,n,K,f3),N' AN > Ns + 1) 
< P{\Fa^ {s, t, x) - Fa^ t\ x')\ > Ji"^"! A(m, n, 2-(^-i))/4, 

{t',x') G Z(Ar- l,n,K + l,/3),Af' > Af3 + l,Af - 1 > Afs,^ < Tk) 

(5.40) < coexp(-d-^i/V2)- 

If N^{m,n,riieQ,K, I3){uj) = N^{uj) + 1, then is stochastically bounded, uniformly in {n,(3). We 
have shown, (taking A^' = A^ in the above) that for all (s, t, x), {s' ,t' , x'), ifd = d{{s, t, x), {s' ,t' , x')) < 
2"^, then 

(5.41) 

P{\Fa^ is, t, x) - Fa^ (s', t', x')\ > d^"^! A(m, n, 2"^), (t, x) G Z{N, n, K, (3), N > N^,t' < Tk) 
< coexp(-(i-''i/V2). 

Now apply Lemma 15.71 with r = a G [Ojl]) = Pa°' 

and ko = 2^, the latter by ([539]) . 
(f5^ shows that (fOHl) holds with A^'o = A^s. (The imphcit restriction K > Ki in (iOTI) from 
Lemmas 15. 4115. 6l is illusory as increasing K only strengthens (|5.4ip .') Therefore there is an N^^uj) = 
A [5^ m, n, rji,eo,K, a, /?) > 2, stochastically bounded uniformly in {n,a,(3), such that for A^ > 
A ^ {t,x) G Z{N,n,K,(3), iff <Tk, s<K and d = d{{s,t,x), {s' ,t' , x')) < 2"^, then 

(5.42) \Fa^{s,t,x)-Faz{s',t',x')\ < 2^3 A(m,n, 2-^)^1-^1. 
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Note that 
(5.43) 



--3a/42-Af77m _^ (-q«/2 ^ 2-^)(')")'™-3/2)A0 

+ af^(a;3"/42-^7 + (a-/2 V 2-^)7-3/2) 

^-3Q/42-Af77m _^ ^ 2"^) (t^+i -2)A0 



Use this in ()5.42p to complete the proof. | 
Since Fs{t,t,x) = —u'^g{t,x) (see Remark 4.2), the following Corollary is immediate. 

Corollary 5.9 Let < m < m + 1 and assume (Pm)- Let n,r]i,eQ, K,a and [3 he as in Proposi- 
tionlSlE For all N > {t,x) G Z{N,n,K,p) and t' < Tk, 

d{{t,x),{t' ,x')) < implies that 

Wi,a'^ {t, x) - u[,,^ it', x')\ < 2-85d((t, x), {t', x')y-^'A^,^ (m, n, a, £0,2"^). 

We will need to modify the bound in Lemma 15.61 to control \u\ ^ — u\^^\. Note that if 5 > 
and s = t — 5 + an then 



(5.44) 



u'l,sit,x) = ^P6iU(^t-5)+){x) = ^Pt^s+a„{U(s-a„)+)ix) 



dx 

-Fa„{s,t,x) 

-Fajt -5 + an,t,x) 



Therefore the key will be a bound on \Fa„ {s, t, x) — Fa„ {t, t, x)\ in which the hypothesis (for Propo- 
sition [531) \/i — s < 2~^ is weakened substantially. 

Lemma 5.10 Let < m < m + 1 and assume {Pm)- For any K £ N-^\R> 2,n e N,eo e (0,1), 
and f3 G [0,1/2] there is a < ]5J(ji K) and A [j_ = A [j_ j^| (m, n, R, gp, K, (3){uj) £ N a.s. such that 
for any r]i G N eN, and {t,x) G k+ x R, on 



(5.45) 



{uj : {t,x) G Z{N,n,K,(3),N> 



QT,aAs,t,t,x) 

< + 2''\Km{\t - s\'~'^^/'[{{t -s)V any^--'/' + afmt - s) V a^y-'/'] 

+ l(a„ < 2-2^)((t - s) A a„)a;3/22^m/2[2-2iV77™ + af ^2-2^^]} 

for all s <t. 



Moreover A [j is stochastically bounded uniformly in (n, /?) . 
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Proof. Let C = 1 - (47/?) - ^ and define A fsjQ] = iVi (m, n, S,{R),£oi K, (3) so that the last statement 
is immediate from {Pm)- We may assume t > a„. By Lemma 15.21 (again the maximum with ^/a^ 
may be ignored in the calculation below) and then Lemma 14.21 we get for iv as in (j5.45p and s <t, 



QT,aAs,t,t,x) 



<%1 



t—a„ 
{s-a„)+ 
X 



Pt 



(2-^ + +\y- x\y-^-^ + ai 



27 



dydr 



<ci(K)Cfe2 



(s-a„)+ 
X 



{t - r)-' / P2(i-r)(^)'e2(«i+^)l^l[2-2^^« + {t- ry^ + \z\"'^] 



(s-a„)+ 



^2-2Af7(7m-l) _)_ _ ^~)7{7m-l) _|_ |_2|27(7m-l) _j_ ^^2/37 



dzdr 



X [(2-2^t(^'--i) + (t - r)T(T'™-i)) + af^]dr 



< C3(i^)Cfe2 



(s-an)+ 
t—a-n 



+ 

'(s-a„)+ 

^c3(i^)Ck2][Ji + J2]. 



> t _ 2-2^)(t - ^)-3/2^^2-27V7C[2-2^^(^™-i) + af ^] 



(5.46) 

As in the derivation of (|5.20|) . now with d^ = , 5 = an and s' = t, we get 

(5.47) J2 < l(a„ < 2-2^)2(a„ A (t - s))a;3/222^7{i-?) [2-2iV77™ + af ^2-2^^]. 

For Ji, let p = 7(7m+^— 1)— 3/2 or p = 7^—3/2. Our choice of ^ and R implies p £ [—15/16, 1/2] 
and so, considering p > and p < separately, we arrive at 



t — arj 



(s-a„)+ 



{t - rfdr < 16[(t - s + anf^^ - 0^+^] < 16(2P'')(t - s){{t - s) V anf 

< 24(t-s)((t-s) Va„)P. 



Therefore 



(5.48) 



Ji < 24(t - s) \{{t - s) V a„)T(^'"+«-i)-3/2 + af^{{t - s) V a„)T«"3/2 



< 24(t - s 



,1-7(1-5) 



((t - s) V a„)^^™-3/2 + af ^((t - s) V a^)^-^/^' 



Put (lOTll and ([OH]) into (fOej) . noting that 7(1 - ^(-R)) = (4-R)"^ < ??i/4 and t - s < iiT, to 
complete the proof. g 
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Proposition 5.11 LetO <m< m + 1 and assume (Pm)- For any n E N, r/i G (0,1/2), G (0,1), 
K € N-^\ and (3 € [0,1/2], there is an A [j j j| = A [j j j|(m , n, ?7i, gp, P){io) G N a.s. sitc/i that 
for all N > A jjjj] , (i, x) € Z(A^, n, K, (3), s<t and \/t- s < AT-^/m implies that 

\FaAs,t,x)-FaAt,t,x)\ 

< 2~8ia-eo|2-^(i-r?i)(„i/2 v2-^)(^-+i-2)A0 

+ 2^''ia-V4 (Tl + (^2-^^^™ + a^^(^ V 2"^)^) 
+ (t _ c,)(i-'7i)/2 (^(^^ V V^)^^--t + a^^(Vt^ V V^)^-t) }. 
Moreover A [g j j| is stochastically bounded, uniformly in {n,(3). 
Proof. Apply Lemma 15.101 with R = 2/rji so that on 

V : (i,a:) G Z(iV, n, JC, /?), > A^(m, n, 2/7/1, Eq, i^, /?)}, 

for s <t, 

R^oQT,aAs,t,t,x)^/^ 

(5.49) < ci(i^)i?2K'° +2^1Sini{(^/^^)''i/^(\/t^)i-^[(Vt^vy^)^^'"~i 

+ 2-^'?i/4a;i/42^m/2[2-^77™ + a^^2-^^]}. 

Let N2{'m,n,r]i,eQ, K, P){uj) = ^[ ^5.io| + ^o(-f^)]) where No{K) G N is chosen large enough so 
that 

(5.50) ci(i^)ii;[[a;^° + 2^^Kmi2-^^^ < ci{K)R^Q[a-'<' + 2'^l30j2~'^Hor'^°(^) 

<2-i00a;^«. 

It follows from i!i5M\i and ([530]) that for N > N2, {t, x) G Z{N, n,K,P), s< t, and < 2'^^, 

R2QT,a„is,t,t,x)^/^ 

< 2-'^'a-'^'{{Vt^s)'-'^[{Vt^ V V^y^--'l + a^JiVt^ V V^)^"!] 
+ a-i/42^'?i/2 [2-^77™ + a^^2-^^]} 

= (^/F^)^-^Ai(m,n,^/t^V V^) + 2^''i/2^2(m,n,2-^). 
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Combine this with (j3.2p . (j5.6p (now with t' = t = s' , x = x' , so the second integral there is 0) and 
the Dubins-Schwarz theorem to see that if B{-) is a standard 1-dimensional Brownian motion, then 

(5.51) P{\Fa^ {s, t, x) - Fa„ it, t,x)\> {Vt^sf-^^ ^i{m, n, Vt^s V V^) + 2^"! A2(m, n, 2"^), 

{t,x) G Z{N,n,K,j3),N > N2,Vt^ <2-^^) 

< P(sup 15(^)1 > (^/t^)-''i/2 ^ 2^^1/2)^^ - s < 1) 

<coexp{-i[(t-.)-''i/2A2^''i]}. 

Let In = 2^(^+3) Af-s/m and set 

^ |F,„ (.2-^(^+^) , j2-^(^+^) , fc2-(^+^) ) - (i2-^(^+^) , j2-^(^+^) , fc2-(^+^) ) | 

0<j-i<£N, (j2-2{^+2), A;2-(^+2)) G Z{N,n, K, j eZ+,keZy 

If iVg = 2^2, then 

(5.52) iV > ATg ^ < 2-^2-1 ^ 7£^2-^~2 ^ 2iV-^/''i < 2~^\ 
The fact that Mat = if ^at < 1, (153X1) . and ([532]) imply 

P(MAr > l,iV > A^s) 

< (K + l)224(^+2)(2^^^)2^+2^^g^p|_l((^^2-2(JV+2))-,,i/2^2^„i)|^^^ > 

< ciK325^exp{-i((v^2-^) V 2-^)-''^}l(^jv > 1) 

< ciK^2^^ (recall m < 1/2). 

If = {Mat > 1, > Ns} and 

Ni = Ni{m,n,7ji,eo,K,(3){uj) = mm{N : uj G n^,=^^^,}, 

then 

oo 

P(iV4 >N)= P(U?^,=jv^JV') < ciK' 25^'exp{-2-^/2(Ar')4| 

(5.53) < C2(i^)exp(-iV^/6). 
Let N5{r]i) be large enough so that 

(5.54) iV > A^5 ^ 2^-^ < . 
Define 

A|jY](m,n,r?i,eo,i^,/3) = {I^V N3V N^V N5) + 2. 
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It follows from Proposition [521 (|5.53p . and the definition ol that A^^jjjis stochastically bounded 
uniformly in {n,(3). Assume 



(5.55) 



N > N[5Ji\ {t, x) G Z{N, n,K,p),s<t and < AT-^/m . 



Case 1. ^/t^ > 2i-^. 

The condition N > ] ^^n\ implies lu G N — 2 > A3, which in turn implies 



(5.56) 



Mn^2 < 1- 



Let se = [2^^sj2 = [2^^tj2 and xe = sgn(x) [2^|x|J 2 ^, be the usual dyadic approximations 

to s,t and x, respectively, and let {to,xo) be as in the definition of {t,x) S Z{N,n, K, [3). Then 



d{{tN,XN), {io,Xo)) < 2 + Vt-tN + \x - XAr| < 2 



2-N 



tN ^ t < Tk, \x]\[\ < < K, 



itN,XN) e Z{N-2,n,K,P). 



and so 
(5.57) 
Write 

\FaAs,t,x) - Fa„{t,t,x)\ < \Fa„{s,t,x) - Fa„{sN ,tN , Xn)\ + \Fa„{t,t,x) - Fa„{tN , tN , Xn)\ 

+ \Fa„{sN,tN,XN) - Fa„{tN,tN,XN)\ 

(5.58) = Ti + T2. 

The fact that {t,x) G Z{N,n,K,P), < t < Tk, s < t < K , 

d{{t, t, X), {tN,tN, Xn)) V d{{s, t, X), {sN,tN,XN)) < 3(2^^) < 2"^^-^\ 

and A — 2 > A jg^ allows us to use Proposition 15.81 and infer that 

(5.59) Ti < 2-852-(^-2)a-m)A„,(m,n,l,eo,2-(^-2)). 
For T2 we have from A > A5, ()5.54p . and the last part of (j5.55p . 

VtN - SN < Vt^ + 2^-^ < 2A-^/''i < y^e^2~^. 



In view of (j5.57p and (j5.56p . this implies 



T2 < Mn- 



Vt 



N — SN 



-l-»7i 



(5.60) 



< 



ViN-SN^'^'Aiim, n,^tN-SNy V^) + 2(^-2)'?i A2(m, n, 2~^^-^^) 



{N~2) 



As t - s > 2 



2-2N 



(recall this defines Case 1), we have 



t- S<{t-tN) + {tN - Sn) < 2-'^^ + (tN - Sn) < -^{t -S) + (tjv - Sn) 
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and so 

(5.61) tN-SN>^{t-s). 
More simply, 

(5.62) tN - SN <t- 3 + 2^-"^^ <2{t- s). 

Use ()5.6ip and (j5.62p in (|5.60p and then combine the result with (j5.59p and (j5.58p to conclude that 

\FaAs,t,x)-FaAt,t,,x)\ 

< 2-852"(JV-2)(l-»7i)^-£0 [(^1/2 V 2^(^^2)^(7,n+i-2)A0 

(5.63) +2-^\-'°{Vt^)^-'^'[{Vt^y V^y^"'-^ +a^^{Vt^y V^y-'^' 
Next use 

2-iv(i-,i)^-3/4 ^ 2^''ia;i/^ = a;;V^2^^^ P— + 1 

Lva^ J 

to combine the first and third terms in (|5.63p and conclude, after a bit of arithmetic, that 

\FaAs,t,x)-Fa„{t,t,x)\ 



< 2-sia;^"{ [a-V42^'?i (l^ + l) (^2-^77™ + a^7(„i/2 v 2 

_^ 2"^(^~'''i)(ay^ V 2~^)(7m+i-2)A0 



(5.64) 



Case 2. < 2^-^. 

As {t,x) G Z(A^ - l,n,/s:,/3) (by ([535]) ). s<t<K,N-l> and d{{s,t, x), {t,t, x)) < 

2-{N-i) ^ we may use Proposition 15.81 with a = 1 to conclude 

\FaAs,t,x)-FaAt,t,x)\ 

< 2-86( VF^)i-^i (m, n, 1, eq, 2-(^-i)) 

< 2-832-W(l-m)«-eo L-3/42-7V77™ + (^1/2 v 2-^)(7™+i-2)A0 ^ ^-3/4+/37 (^1/2 v 2"^)^" 

< 2-83a;-o{a;^i/^2^^i (^) (2-^^^™ + af^(ay2 v 2"^)^) +2-^(1-"^) (a^^ v 2-^)(7".+i-2)ao| 

which is bounded by the first term on the right-hand side of ()5.64p . g 

We also need an analogue of Proposition 15.81 for Ga^ ■ A subset of the arguments in Lemma 13.11 
shows that 



(5.65) Gs{s,t, 



ris-sr 



P{tws)-r{y ~ x)D{r,y)W{dr,dy) for all s a.s. for all {t,x), 
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which is just the analogue of the expression for Fs, (j3.6p . with pt-r in place of p't_r- Although we 



only will need bounds on Ga^{s,t,x) — Ga^it,t,x) (and for ^/t — s small as in Proposition I5.8p . 
this seems to require bounds on the analogues of the three types of square functions handled in 
Lemmas 15.41 15.51 and 15.61 but now with no derivatives on the Gaussian densities. This results in 
some simplification and a smaller singularity in o". We omit the proof of the following result as 
the details are quite similar to those used to establish Proposition 15.81 
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Proposition 5.12 LetO < m < m + 1 and assume (Pm)- For any n G N, r/i G (0,1/2), Eq G (0,1), 
K G N-^^, a G [0,1], and jS G [0,1/2], there is an Afjj^ = A jXTg|( "^, n, t/i , gp, K, a, f3) G N a.s. 
such that for all N > ^5J^ (t, x) G Z{N, n,K,(3), s <t and ^/t^ < 2" 



\Ga^ {s, t, x) - Ga^ (t, t,x)\< 2-92(t - s) t (i""! Jfl-^^a; 



l5(l~'''i)n-=o„-a/4 



We need to use our global modulus of continuity for u[ (Corollary 15. 9p to get a modulus for 
ui^a^ itself. This is of course easy for spatial increments, but a key observation is that it is possible 
to also use control of the spatial derivatives to get a better modulus on the temporal increments. 

Notation. Define 



(5.66) 



A„j(m,n,a,eo,2' 



-N\ 



-£0-3a/4 



+ (a°/2 V 2-^)^^™+! + l(m > m)a3"/4(a^/2 ^ 2"^) 



Dependence on a or eq is often suppressed. 

4 

If r/ > let N'^ i^i v) be the smallest natural number such that 2^~^ < N v whenever > 



Proposition 5.13 Let < m < m + 1 and assume (Pm)- For any n G N, 771 G (0, 1/2), eoi^i ^ 
(0,1), K G N-^\ a G [0,1] and 13 G [0,1/2], there is an A[02|= I tsj^ rn, n, t/i , gp, K, a, 13) G N 
a.s. so that for all N > A [j_ n, a satisfying 

(5.67) a„ < 2-2(^tI32J™'"'^^/2'^°'^'^)+^) A 2-'^fclf''^^^^+'\ and a > e,, 

(t, x) G Z{N, n, K, (3), t' < Tk, if d{{t, x), {t' , x')) < 2"^, then 

(t, x) - ui^a^ it', x')\ < 2-^°d{{t, x), {t', x')y-'^^Au, (m, n, a, ep, 2"^). 

Moreover A [j jg| is stochastically bounded uniformly in n £N,a £ [0, 1] and [3 G [0, 1/2]. 

Remark. Although n appears on both sides of (j5.67p . the stochastic boundedness of A^^jj] ensures 
it will hold for infinitely many n. This condition becomes stronger as a goes to and a" moves 
away from the value where the definition of Z(N,n, K, P) ensures some control on u[ This 
effectively rules out a = from the above conclusion. 
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Proof. Let 

A^jY3](m, n, ryi, Eq, K, a, [i) = {{21^^{m, n, r/i/2, Eq, K+l, a, /3)VA^j2]("^' ^i' ^o, K+l, a, 
Clearly - ^5 ]^3 | is stochastically bounded uniformly in (n,a,/5). Assume ()5.67p and 

(5.68) N > Ngj^ {t, x) G Z{N, n, K, (3), t' < Tk and d{{t, x), {f ,x')) < 2^^. 

As in the proof of Proposition 15.81 {t'^^') £ Z{N — l,n,K + 1,(3), and by interchanging {t,x) 
with {t',x'), N with — 1 and K with K + 1, in the argument below (again as in the proof of 
Proposition 15. Sp we may assume without loss of generality that t' < t. Indeed, this is the reason 
for having K + 1 and adding 1 in our definition of -^\^jj3j 
Recall that 

(5.69) Ga^{t',t,x) = Pt_t,+a?M(i' - = Pt^t'{u,,a?St'r)){00), 

and so 

\ui,a'^it',x') -Ui,a^(t,x)| < |Mi,a^ (t', x') - Ui,a« (t', 2:) | + |Mi,a^(i',x) - Pi-f/ (ui^^^ (t', •)) (x) | 

+ \Ga<^{t',t,x)-Gaz{t,t,x)\ 

(5.70) =Ti + T2 + Ti. 

For Ti, let {to,xo) be as in the definition of {t,x) £ Z{N ,n,K, (3). For y between x and x' , 
d{{t',y),{t,x)) < 2-^, and also d{{io,xo),it,x)) < 2~^. Therefore by Corollary [SJ] (twice) with 
r/i/2 in place of iji, 

l«l,a$j(*'>y)l < W'l,a'^{t',y) -u[ ,,c,{t,x) \ + K,ajj(*,a;) - ^^^^(tc^o)! 

+ l^i,a^(4>^o) - u'i^aAio,xo)\ + 

(5.71) < 2-842-^(i-¥)A„,(m,n,a,eo,2-^) 

+ \Fa„ {to - + an, to, xo) - Fa„ {to, io,xo)\ + a^. 

We have used (|5.44h in the last line. 

We now use Proposition 15 . Ill to control the F increment in (j5.7ip . Choose A^' so that 

(5.72) 2-^'-i< V^<2-^'. 
dSSZD implies ^ < 2-^lllf-'"'¥'-o,/^,/3)-i 

(5.73) N' > A^m, n, r?i/2, eo,K, (3). 

In addition, (f5:67|) implies 2"^'-i < < 2~^fe3f'"^'^~^ and so A^' > A^-jg] which in turn 

implies 

(5.74) a°/2 < 2-^'" < 2~^'^i < iV'"^ = N'^t . 
Since 

|n(£o,xo)| <a„ = a„ A (^2-^') (by ([522])), 
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we see that {to,xo) G Z{N' ,n, K, (3). (j5.73p and (j5.74p allow us to apply Proposition 15.111 with N' 
in place of A^, (to, a^o) in place of {t, x), r]i/2 in place of and s = to — a'^ + an, and deduce 



\Fa„{to — a" + an,to,Xo) — Fa„{to,tQ,Xo 

/;;-(7m+i-2)A0 



+ 4a-¥)^„f (77^-1) ^„/37„f (7-1) 



~1~ Ojfi 

The middle term in the square brackets is bounded by the last term because ^/a^ < aj . Therefore 

I Fa„ (to - a° + an , io , ) - {to , 1 , ^0 ) I 



(5.75) < 2~^^a::"" va, 

We also have 

y^l-f + (7™+i-2)A0 < ^2-^)l-f + (7-+l-2)A0^ 

because the above exponent is positive since rji < 1/2 and 7 > 3/4. Use this bound in (I5.75P and 
then insert the result into (|5.7ip to conclude that for any y between x and x', 

< 2-^7a;;^»{2-^(i-'^)(a| V2-^)(^™+i-2)^o 

+ 2-^(i-^)a;^ l2~Nyj^ + a^7(a| v 2^^)^" 
+ (a| V2-^)i-'^+(^™+i-2)^o 



'71 \ —3a / a 



71 



< 2-^6a-"°(a| V 2-^)1-^ f(a| V 2^^)(7™+i-2)ao ^ T (J ^ 2^^)^^'" 



+ an ' a^nH^n V 2"^)^ 



(5.76) 



-76 



(m,n, a, eo,??i, an V 2 ^) + a^ 



Note that is monotone increasing in the 2 ^Van variable due to the positivity of the exponents 
(since rji < 1/2). The Mean Value Theorem now shows that 



(5.77) 



a^ + 2~'^^Auj^{m,n,a,eo,'ni,o.i V 2" 



\x — X 



Recalling that t' < t and that (from ()5.68p ) > A [5 ]^2| ^nd \/t — i! < 2 , we may apply 
Proposition 15.121 and infer 



(5.78) 



n < 2-'>\t-t') 



(a°/2 V 2-^)^^- + a^^(a^/2 V 2"^)^ 



For let {B{s) : s > 0} be a one-dimensional Brownian motion, starting at x under P^. 
Assume first that 

(5.79) 



\B{t-t')-x\ < 2-2^M 
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Recalling (j5.68p and that > 2, we have 

d{{t', B{t - t')), {t, x)) < + 2"i^ < 2-^ + 2-5^ 

< 2^^1531+ 2~t^^ 

< 2"^. 

Define a random A^' G . . . , A^} by 

{{) if d{{t',B{t - t')), {t, x)) < 2~^ then N' = N; 

(m) if d{{t', B{t - t')), {t, x)) > 2"^ then 2-^'-^ < d{{t',B{t - t')), (t, x)) < 2" 
In case (ii) we have 2"^'""'^ < 2~^ + \B{t — t') — x\, and so 
(5.80) 2~^' <2'^~^ + 2\B{t-t')-x\, 



N' 



a result which is trivial in case (i). If y is between x and B{t — t') we may argue as in (|5.76p . but 
now using G Z{N' ,n, K, (3), to see that 

(5.81) \ula?t(.t',y)\ < 2-^6A„,(m,n,a,eo,??i,al V2-^') + a^. 
Use (|5.8U|) and the monotonicity of observed above to see that 

(5.82) <oA„,(m,n,a,eo,?7i,a| V2-^') 
'[al +2-^ + \B{t-t')-x\]^- 



< 



2 



{(a| + 2-^ + |S(f-0-x|)^^'"+^"'^''°+«n'" [{a^ +2-"" + \B{t' -t)-x 
+ af^(a|+2-^ + |i?(t'-t)-x|)^]} 



^77m 



Use (|5.82p in (|5.8ip and then the Mean Value Theorem to obtain (the expectation is over B alone- 
remains fixed-and we are dropping a number of small constants) 

E,,{l{\B{t - t') -x\< 2-i^)|ui,,. (t', B{t - t')) - ui^a?: {f, x)\) 



n. 

2 



< Eo{\B{t - + a-'^[al^^~^^ + 2-^(1"'^) + \B{t - t')\^- 

+ (a^/2 V 2-^)(7™+i-2)A0 ^ a;3°/4a^7(a^/2 + + \Bit - t')\r] } 

< c,Vt^{a^^ + a;^«[(al V 2-^)(i-^) + {t - tO^^'^"^)] [a;3"/4(a| v 2^^ + ^/T^?)^^" 

+ (aJ^/2 V 2-^)(^'"+i-2)A0 ^ «-3a/4^^7(„«/2 V 2-^ + Vt^r} 

< c2^/r^{a^ + a-'^al V 2^^)(i-'^) [(a^/^ ^ 2-^){7™+i-2)ao + a;^3a/4(^a/2 ^ 2-^)77™ 

+ a;3"/4a^7(a^/2 V 2-^)7] I (since Vi^ < 2"^) 

(5.83) 

= C2Vt - t'[a^ + A„,(m,n,a,eo,m)«n V 2~^)]. 



177m 
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To handle the complementary set to that on the left-hand side of (j5.83p . note that for K > Ki and 
t' < Tk, 

<i?,(|n((t'-a^^)+,S(a^))|) <2i^i^,(el^(<)l) <2i^ei+l^l. 
This and the fact that \/t — t' < 2 ^ ^5.81 imply that 

E,{l{\B{t - t') -x\> 2-i^|ni,„.(t',S(t - t')) - ni,„.(t',x)|) 

< Po{\B{t - t')\ > 2-tlEH])V28^e^^.(e2|B(t-OI + ^21.1)1/2 

< C3(K)Po{\B{l)\ > {t- f')-^/^y/^ (since |x| < K hy ^M)) 

< Ci{K){t-t') 

(5.84) < C5(K)Vt - t'Ku^ (m, n, a, Eq, r/i, «l V 2"^), 
where in the last line we use 

A„,(m,n,a,eo,r/i,a| V2-^) > {at \J > > Vt - t'. 

([5:83]) and ([STS^ imply 

(5.85) T2 < ce{KWt - t'[a^ + (m, n, a, Eq, r/i, a| V 2"^)]. 
Use ([57771) . ([5:78]) and ([STSS]) in (15:70]) to conclude 

< cjiK)d{it, x), {t',x'))[a^ + (m, n, a, eo, «l V 2"^)] 



since d{{t,x),t' ,x')) < 2 ^, a bit of arithmetic shows the above is at most 

(C7(K)2-^^ + 2-'^)d{{t, x), it', x')f~^^a-'^^-^^/^ 
(5.86) X {(a°/2 V 2-^) [(a^/^ y 2~^yrf^ + a^^(a°/2 v 2"^)^ 



Choose Ni{K,r]i) so that 



2-^i'7i/2g^(^) < 2- 
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and define A^^jj] = - ^5 ]^3 | V -^i) which is clearly stochastically bounded uniformly in (n,a,/3) S 
N X [0, 1] X [0, i]. Assume N > A^jJ} Note that if m < m, then 



(5.87) 



/^(a°/2 V 2-^)(7-+i-2)A0 = a3°/4(a-/2 v 2~^y^--l 

< (a°/2 v2-^)^^'", 
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and so the last term in square brackets in (j5.86p is bounded by the first term in the same brackets. 
If m > m, the left-hand side of (j5.87p is a^^^ . Therefore if > - ^5.13! we conclude that 

,^+3«/4 + a^7(a^/2 V 2-^)7+1 + V 2-^)77^+1 + l(m > m)(a^/2 V 2-^)af 



-90 



d{{t,x), it',x'))'^ ''iA„j(m,n,a,eo,2^ 



-N\ 



1(77^-1) « f (7-1) 



We also require an analogue of the bound on increments on ui^a^ (Proposition 15.13]) for ii2,a^- 
Notation. 

Ai,„,(m,n,eo,2-^) =a;^°2-^^ 
We often will suppress the dependence on eq and a below. 

Proposition 5.14 Let < m < fn + 1 and assume (Pm)- For any n G N, r/i G (0, 1/2), eq G (0, 1), 
K G N--^^\ a G [0,1], and (3 G [0,1/2], ^/lere is an ]S^^j^ = A ^g^j^ m, n,r]i,eo, K,a, (3) (u;) G N a.s. 
suc/i i/iai /or a// > A j^j (t, x) G ^(A^, n, i^, /?), and t' < Tk, 

d = d{{t,x), {t',x')) < 2^^ implies that 



\u2,a'^it,x) - U2,a'^it',x')\ <2 



'^^ d 2 ' Ai_„2(m,n,eo,2 ''^ A2,„2 ("^, ^o) • 

Moreover A j^^^ is stochastically hounded, uniformly in {n,a,(3). 

The proof is more straightforward than that of Proposition 15.13] and is given in Section [7| below. 
Lemma 5.15 For all n G N, < P < 1/2 and < d < I, 

Proof. Recall that 71 — 1 = 7 — ^ and 27 — ^ > 1. 



Case 1. d> a' 
a^^i^Vdy^-^ < d^^-l < d. 



Case 2. d < a' 



1 /3^+/3(^-i) /3(27-|) /3 
(^a„ V dy^ < an = a-n ^ < an- 

We are finally ready to complete the 
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Proof of Proposition 15.11 Let < m < m and assume (Pm)- We must derive (Pm+i)- Let 
eo S (0, 1), M = \^], £i = jj < eo/2 and set at = iei for i = 0, 1, . . . ,M, so that e [ei, 1] for 
i>l. Let n, ^, and /3 be as in {Pm) wliere we may assume 1/2 witiiout loss of generality. 
Define r?i = 1 - ^ G (0, 1/2), f = ^ + (1 - i)/2 G {i, 1), 

N2{m,n,^,eo,K,(3){uj) = vi^ii %J3] (rn, n, r?i, £o/2, + 1, a,, /3)(a;), 

A^3(m,n,^,eo,-fC,/3)(a;) = vf£iA^j|](m, n, r?i, eo/2, + 1, Qj, 



7V4("i, n, eo, i^, /3) = rp^((%TT]("^. m/2, eo/2, K + 1, ;9) V %T3](r/iei)) + 1)1 

1 - ? 

(recall ei is a function of £q) and 

(5.88) iVi(m,n,e,eo,i^,/3)(a;) = {N2 y N^y N4{m,n,^,eo, K, P)) V Ni{0, ^' , K) + 1 G N a.s. 

Recall that in the verification of (-Pq), we may take Eq = and A^i = A'^i(0, K) was independent 
of n and /3. Then A^i = Ni(m,n,(,,£o,K, P) is stochastically bounded uniformly in {n,(3) because 
%13] and A fOj] all are. 
Assume 

N>Ni, {t,x) e Z{N,n,K,p), t' <Tk, and d = d{{t,x),{t' ,x')) < 2'^ . 
Suppose first that 

(5.89) an > 2-^5(m,n,,,,i,eo,if,/3)_ 

Since N > Ni{0,(^' , K), we have by (Pq), with eq = and ^' in place of ^, and the fact that 
7m+i - 1 < 1, 



|n(t',x')| <2-^«' 



< 2 



(V^V2-^^) 



< 2-^(i-5)/22^5/22-iV? 



(V^V2-^^) 



< 2 



(^V2-^)^-+^-i + a^' 



where in the last line we used N > > (1 — ^) ^A^5. This proves (Pm+i)- 
So assume now that 



(5.90) 



Let A^' = N-l > N2VN3. Note that (to, ^0) (the point near {t, x) in the definition of Z{N, n, K, /?)) 
is in Z{N,n,K + l,P) C Z{N' ,n, K + 1, P) and by the triangle inequality (i((£o, xq), (t', x')) < 2"^'. 
()5.90p shows that ()5.67p holds with {eo/2,K + 1) in place of (eo, AT). Therefore the inequality 
N' > N2 allows us to apply the conclusion of Proposition 15.131 for a = ai > ei, i = 1,...,M 
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with (to,xo) in place of (t, x), eo/2 in place of and A^' in place of A^. Simpler reasoning, using 
^ -^3) allows us to apply the conclusion of Proposition 15.141 with the same parameter values. 
Choose i G {1, . . . , M} so that 



(5.91) 



(i) if 2 ^ > y^a^, then a,i^ < 2 < a„ ^ = Un a 



N' 



2 



(ii) if 2 ^ < y/a^, then i = M and so an = \fa^ > 2 . 



.£1 



In either case we have 

(5.92) 

and 

(5.93) 



V 2~^' < ./E: V 2" 



-TV' 



On * (^/H;;V2 



-^')^/^<a;^ 



Now apply Propositions 15.131 and 15.1^ as described above, as well as ()5.92p . and the facts that 
7m = 7m for m<rn, 7^+1 = 77^ + ^ and d{{io, xq), (t' , x')) < , to conclude 

\u{to,xo) - u{t',x')\ 

< \u.^^ (to, ^0) - u.^^ {t', x')\ + |7X2 (to, xo) - n2 it', x')\ 



< 2-89a;^{2-^'«[a^ + a-^a^^O;;v2-^')(^"''^ +a;^(^^;:v2-^')(""'"+'^ 



+ l(m = m)(^/a;; V2~^ ) 



+ 2~^'{|+7) 



(^V2-^')T^^'""^^ + 



,/37 



+ 2- 



-^'^[(VH;; V 2-^')(>"+^-i) + a^^(^ V 2-^')(^"^^] } 



<2-«V^2-^'«{a^ + a;^(V^V2-^')faf^(^V2-^')(^-|) 

3a,- 



(5.94) 



+ an ' (^V2-^>(^V2-^')(^'"+'"'^ + l("i = ^)(V^V2-^') 
+ ( V 2-^')(^-i) \{^ V 2-^')^(^--i) + a: 



/37 



+ (V^V2-^')("'"^^"'^+«^^(V^V2-^')(^-i)}. 



Now apply (j5.93p and combine some duplicate terms to bound |M(to,2;o) — u{t',x')\ by 

2-8 V^"^2-^'« [a^ + af^(V^ V 2-^')^-| + (^^ V 2-^')(T'"+i-i) ^ ^ m)(V^ V 2^^')' 

Use the fact that 

(V^ V 2-^')(^-+i-i) + l(m = m){^ V 2-^') < 2(^ V 2-^')«^-+i^2)-i) 
(consider m <m and m = m separately) and ei < eo/2 in the above to derive 
\u{io,xo)-u{t',x')\ < 2-86a;-"2-^'«U + af^(V^V2-^')(^-i) + (V^i^^ V 2-^')((^™+i^2)-i) 



(5.95) 



< 2-84^-^02-^? U + af^(V^ V 2-^)(^-|) + (^ V 2-^)((^'"+i^2)-i) 
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Finally combine ()5.95p and |n(to,a^o)| < ^/(hil to conclude 



fc=0 

(5.96) < a;^»2-^«[^2-^(^-«) + 2~84 7'= (3-^^ v V^)^^"^ + (2"^ V 



fc=0 

Our definition of A^i (and especially A'4) ensures that A^(l — ^) > 1 and hence 

/^2-^(i-«) < ^ < ^. 

V n _ 2 - 2 

In addition by Lemma l5.15l 

aP^{^ V 2-^)T^-i < V 2"^ < + (2"^ V 
Substitute the last bounds into (|5.96p to obtain (Pm+i) and hence complete the induction. 



6 Proof of Proposition 13.31 

We continue to assume 6 = in this Section. Having established the bound (Pm+i) in Proposi- 
tion 15.11 we are now free to use the conclusions of Corollary 15.91 Proposition 15.111 and Proposi- 
tion [STTll with m = m -|- 1, to derive local moduli of continuity for n'l and ui a"- In view of our 
main goal, Proposition 13.31 it is the space modulus we will need~the time modulus was only needed 
to carry out the induction leading to (Pm+i)- 

We fix a Kq G N-''^^ and positive constants Eq, Ei as in p.lOp . For M, n G N and < /3 < 5 — ei, 
define 



(6.1) 

and 
U 



a = a(/3) = 2(/3 + ei) G [0,1]. 



'^^^ = infji : there are e G [0, 2"*^], |x| <Ko + l, xq, x G M, s.t. \x - x'\ < 2" 
\x-xo\ <e, \u{t,xo)\ <an/\iy/a^e), \u[^^^{t,xo)\ < a^, and 



M 



W\a?:{t^x)-u'{t,x')\>2-^'a 



i;3/3/2(ev|x'-x|)2^ + l 



+ 0^^" '^\ey\x' -x\y^} ^TK,■ 



Define U^^^ g by the same expression (with /5 = 0) but with the condition on \ui^^a{t, xq)\ omitted. 

{^Mn/? ^ projection onto of a Borelx.Ff-measurable set in x [0, t] x Q. where K 

is a compact subset of M^, and so u''^^^ g is an (.Ft)-stopping time as in IV.T52 of (|M66I ). 



Lemma 6.1 For each n G N and (3 as in (j3.12p . ^^j^}^^^ T as M ] 00, and in fact 

lim sup Piuiilg<TK,) = 0. 
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Proof. By monotonicity in M the first assertion is immediate from the second. Proposition 15.11 
ahows us to apply Corollary 15.91 with m = m + 1, rji = eq, K = Kq + 1, and a,/3 as in (j6.ip and 
()3.12p . respectively. Hence there is an Nq = NQ{n, eo,ei,KQ + 1, /3) G N a.s., stochastically bounded 
uniformly in (n,/3) (as in (|3.12p ). and such that if 

N>No{uj), {t,x) e Z{N,n,Ko + l,p), |x - x'| < 2"^, 



(6.2) 
then 



<2-''\x-x'\'-'<^a-''' 



3/3 

- — 2-2Ar7 



+ 1 + a: 



Note that Un ^ '^^^'^^^^^'^'^'^ < i since 7 > 3/4, and so by the above we have 



(6.3) 



hi,a-(i,a;) -u[^^o.{t,x')\ 
<2-8V'"~^|x-xV-"° 



Let us assume /3 > for if /? = we can just omit the bound on \u'i ^a{t, xq)\ in what fol- 
lows. Assume M > NQ{n,eo,ei, Kq + 1,(3). Suppose for some t < Tkq{< Tkq+i) there are 
e G [0,2^^^], |x| < Kq + 1,xq,x' G M satisfying |x — x'| < 2~*'^, |xo — 2;| < e, |ii(t,xo)l < anA(Y/a^e), 
and \u''^ ^^(tjXo)! < an- If a; 7^ x' , then < |x — x'| V e < 2~^'^ < 2"^" and we may choose N > Nq 
so that 2-^-1 < e V |x - x'l < 2"^. Then ([62]) holds and so by ([O]) . 



I«i,as(*,a;) -<„a(t,x')| <2 



2 b-xV""" 



3/3 



an ' (eVlx-x'D^T + l 
(e V |x - x'\y 



+ a„ 



If X = x' the above is trivial. This implies U^j^^ ^ = Tk^ by its definition. We have therefore shown 

nu'iln,^ < Tko) < P{M < No). 

This completes the proof because NQ{n,eo,ei, Kq + 1,(3) is stochastically bounded uniformly in 
(n,/3) (as in (IXT2D ). | 

Turning next to M2,a«, for < /? < ^ — ei, define 



U 



(2) 

M,n,l3 



infjt : there are e G [0,2~*^], |x| < ETq + 1, xo,x' G R, s.t. |x - x'\ < T 
k-xo|<e, |u(t,xo)| < a„ A (^/a;;;e), |ni (t, xo)| < a^, and 



M 



k2,a^(t,a;) -U2,ajj(t,a;')| > 2 ^'^a^^" I |x - x I 2 



(■y/o^ V £ V |x' — x| 



n27 



+ o^^(V^Ve V |x' -x|)^ 



Define C/]i,/ „ q same expression (with /3 = 0) but with the condition on (^; 3;o)| omitted. 

Just as for U'^^^ , U^^^^ ^ is an .Ft-stopping time. 
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Lemma 6.2 For each n G N and (3 as in (j3.12p . Uj^^ g | as M ] oo, and in fact 



lim 



sup < T^,: 

n,Q<(3<^—ei 



0. 



Proof. As before we only need to show the second assertion. Proposition 15.11 allows us to apply 
Proposition 15. 141 with m = m + l, rji = K = Kq + 1, and a, (3 as in (|3.12|) . (j6.1|) . Hence there is 
an A'^o = NQ{n,eo,ei, Kq + 1,/3) G N a.s., stochastically bounded uniformly in (n, /3) (as in (j3.12p ). 
and such that if 

N>No{uj), {t,x) e Z{N,n,Ko + l,P), |x - x'| < 2"^, 



(6.4) 
then 



\u2,az{t,x) - U2,a^{t,x')\ 



< 2-»«a; 



\x — X \ 2 



(V^V 2-^)2^ + a^^(V^V2-^r 



(6.5) 

Since 7 > 



+ \x — X' 



i\l-eo 



4' 



Therefore (j6.5|) shows that (|6.4p implies 

/, iZL£0 
X — X 2 



(^ V 2-^)2^ + a^^(V^ V 2-^)^ 

(6.6) +2|x-xV^^"an^^}. 

The proof is now completed just as for Lemma |6 . 1 1 where (j6.6p is used in place of (j6.3p . 
Notation. 

(6.7) (n, e, eo, /3) = a^^^e"^" + (ea^^/^ + ^^^Z^) (e^^ + a^^e V V^)^) } . 



For < /3 < ^ - £1 , define 



U 



(3) 



-(/3+El)£0/4 



^^^^^ ^ infjt : there are e G [2"°"" ' ^' ,2"^^^], |x| <Kq + 1, xq G M, s.i. 

|2;-xo|<e, \u{t,XQ)\ < an ^{^/ch^e), |'Ui^„^(t, xo)| < a^, and 
Ka„(*,^) -<ajj(*,^)l > 2-78(A„, (n, e, eo, /?) + an^*)} A r^Q. 

Define i/];^^ ^ g same expression (with /5 = 0) but with the condition on \u\^^a [t, xq)\ omitted. 

Just as for U^^^ , ^ is an .Ft-stopping time. 

Lemma 6.3 For each n G N and [3 as in (]3.12p . Ul,/^^ j Tkq as M ] 00, and in fact 



sup P(t/lj;„^^ < T^J = 0. 

^■f^°°n,0</3<|-ei 



lim 
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Proof. It suffices to prove the second assertion. By Proposition 15 . 1 1 we may apply Proposition 15 . 1 ll 
with m = m + 1, r]i = £q, K = Kq + 1 and /? as in (j3.12p . Note also that if s = t — a° + a„, then 



(6.8) 

and 

(6.9) 



-N 



> 2""' 



-(/3+ei)E0/4 



So Proposition 15.111 shows there is an A'^o = No{n,eo, Kq + 1,/3) G N a.s., stochastically bounded 
uniformly in {n.,f3), and so that if 



(6.10) 
then 



N>No, {t, x) £ Z{N, n,Ko + l,l3) and 2"^ > 2^" 



= \FaAt - + an,t,x) - FaAt,t,x)\ (by ^M)) 



-(/3+ei)£o/4 



(6.11) 



< 2-^^a, 



81 ^-£0 J 9^£o 



-N 



+ a-'/\2'''a-'/' + l)(2-2^^ + a^^(2-^ V V^T') 



+ a(/3+ei)(i-Eo) 



(/3+Ei)(27-|) ^ (/3+£i)(7_|) 



We have used P + £i < h (from (j3.12jl ) in the last line. The fact that 



(/3 + ei)(27-^)>/37+(/? + ei)(7-^) 



implies that 



„-£0„(/3+£i)(l-£0) 



(/3+ei)(27-|) /37+(/3+ei)(7-|) 



o„-£o^(^+^i)(l-=o)+^(27-|)+ei(7-|) 
/3(27-l-£o)+ei(7~|-eo)-^ 



< 2a; 
<2af+^, 

where (|3.10p is used in the last two inequalities. This allows us to simplify (jO.lip and show that 
(j6.10p implies 



(6.12) 



l^'i,a„ it, x) - (t, x)\ < 2-«i [A„, ,eo(n, 2-^, £0, /5) + 2a: 



The proof now is similar to that of Lemma 16.11 As before, we may assume /3 > 0. Assume 
M > NQ{n,eQ,KQ + l,P). Suppose for some t < Tk^ there are e G [2~""*'''^'''''"'^ 2"^-^], |x| < i^o + l, 
and xq G M, such that |a;o — x\ < e, \u{t,xo)\ < an f\ (y^e), and \u't^ ^^{t,XQ)\ < an- We may 
choose N > M > No{io) so that 2"^-^ < e < 2"^. Then {t,x) G Z{N,n,Ko + l,/3) and 
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2^>e>2""' ^°^) and therefore (j6.10|) holds. Therefore we may use ()6.12p and the fact 
that A(n, 2e, eo, /?) < 8A(n, e, eo, /?) to see that 

Wi,aSi,x) - u\^,^{t,x)\ < 2-^S[A„, (n,e,eo,/3) + a^+*]. 

This shows that M > No{n, eq, Kq + 1, /3) imphes U^^^^ ^ = and so 

sup P{ufln,p < ^Ka) < sup P{No > M) ^ as M ^ oo 

™,0</3<5-£i ' ' n,0</3<i-ei 

by the stochastic boundedness of A'^o uniformly in (n,/3). g 
Finally for M G N, define 

i/J^^ = infjt : there are e G [0,2-^^^], |x| <Ko + l, xo,x' G M, s.t. |x - x | < 2"^, 

k - a^ol < e, |u(t,xo)| < e, and \u{t,x) - u{t,x')\ > (e V \x' - x\)^^'^'-'^ A ' 



Lemma 6.4 C/j^'' t Tk^ as M ] oo, and 



lim < Tk,) = 0. 

M— >oo 

Proof. It suffices to prove the second result. This follows easily from Theorem 12.31 as in the proof 
of Lemma 16.11 The constant multiplicative factors arising in the proof can easily be handled by 
applying Theorem 12.31 with ^ = 1 — eo/2 in place of ^ = 1 — eg- I 

Let 

and 

(6.13) UM,n = (Afi"o°''^VM,n,ft) A U^^ , 

where we recall that {f3i : i < L} were introduced in (|3.11|) . We have suppressed the dependence of 
UM,n on our fixed values of Ko,eo and ei. Note that f3i G [0, ^ — ei] for i = 0, . . . , L by p.l2p and 
Oi = a{(3i). Lemmas 16. 1^ 16. 2( 16.31 and 16.41 therefore show that {UM,n} satisfy hypothesis (Hi) of 
Proposition 12. 11 Hence to complete the proof of Proposition 13.31 it suffices to establish compactness 
of Jn,i{s), and the inclusion Jn,i{s) D Jn,i{s) for all s < UM,n, (n, M) as in (I3.14|) . and i = 0, . . . , L. 
The next lemmas will show the inclusion part of the proof. We assume (n, M) satisfies ()3.14p 
throughout the rest of this Section. 

Lemma 6.5 If i £ {0,...,L}, < s < UM,n, and x G Jn,i{s), then (a) (s, f x)) — 

u\ ^c.,{s,Xn{s,x))\ < 2-'^^an^ * , 

(b) for i > 0, In' {s, Xn{s, x))\ < 

(c) for i < L, u' Qi(s,x„(s,x)) > 



61 



Proof, (a) Assume {n,i,s,x) are as above and set e = ^/a^. We have \ {us,^'^'^'^^) \ < an and 

Snpp(^>™"+i) C[x- X + 
Using the continuity of n(s, •), we conclude that 

(6.14) \u{s,Xn{s,x))\<an = anf\{y/a^e), \xn{s,x) - x\ < e. 
The definition of Jn,i also implies 

(6.15) |n;_^Js,x„(s,2;))| < a^74 for i > 0. 
In addition, (fXTi|l and ei < 1/2 fbv ([XTO]) ') imply 



(6.16) 



-M 



> ^/e: = e> 2""" 



Combine (|6.14p . (|6.15p and (|6.16p with |x„(s,x)| < Kq + I and s < UM,n < ^Vnft' ^'^'^ 
X = xq = x„(s,x) in the definition of U^^\ to conclude that 



(6.17) |-Ui (s,x„(s,x)) - n a,(s,x„(s,x))| < 2 (Av (n, ^/o;;;, Eq, A) + * )• 

Now 



< 4a-3"«/2 



/a^ + 2a„ 



V4(a;^ + a5^+^)) 



/a„ + a 



7{ft+i)-| 



(since /3i < h 



r i-»^o 



< 4 



On 

< 8an 



+ a- 



3£o 3£]^ 

2 2 



(using 7 > I and A < 4 - 6ei) 



The last line follows from (j3.10p and a bit of arithmetic. Use the above bound in ()6.17p and conclude 
that 

\u'l^anis,Xnis,x)) - u[^^^,{s,Xnis,x))\ < 2"^*^af''^ * . 

(b) This is immediate from (a) and the fact that \u[^^{s,Xn{s,x))\ < an/4 (by the definition of 
JnA for i > 0). 



(c) Since Eq < ei/8 by (l3T0D . « < aZ'+\ For i < L we have u[^^Js,Xn{s,x)) > a?:+^/A. The 
result is now clear from (a) and the triangle inequality. g 



ft4 



Lemma 6.6 If i £ {0, . . . ,L}, < s < UM,n, x G Jn,i{s) and \x — x'\ < 5lniPi), then 
(a) for i > 0, \u' c.,{s,x')\ < ai\ 

(h) fori< L, u\ a,(s,x') > af'+7l6. 
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Proof. Let ( ) be as above and set e = |x — + a/o^. Then we have ()6.14p . (j6.15p . and 

also (by I^M)) 



(6.18) 

and 

(6.19) 



\x' — x„(s,x)\ < e < 2 



-M 



\Xnis,x)\ < \x\ + I < Kq + I. 



r(i) 



dSm), dSIISI), (jSTTB]) and ([U^U]) ahow us to use s < Uu^n < U^M,nA the definition of U^j^^^^^ 
(for i > or i = 0), with x„(s, x) playing the role of x, and deduce that 



|x-x'| + V^)i-=« 



/\\x'-x\+V^f^ 



Use the fact that f3i + 5ei < 1/2 (recall (l3TT|) ) to infer |x - x'| + ^ < 6a{^"+^^' < a^* (by UiSAM ) 
and so bound the above by 



79 -eo-— (/3,+5£i)(l-£o) 
^ tin 



■ ft(27-f) 

an 



- + l + a(!'(^^-)' 



< 2-^9„;-o- — ^03.+5eO(l-.o)3 

<2-^7a^'+\ 

provided that /Jj+i < (/3j + 5ei)(l — Eq) — Eq — or equivalently 

eo + (A + l)eo < ((7/2) - 5eo)ei. 
This follows easily from (I3.10p . We have therefore shown that 

\u' (s,x') - u (s,x„(s,x))| < 2~'^'^an^\ 

and so both (a) and (b) are now immediate from Lemma 16.51 (b). (c). 

Lemma 6.7 If i £ {0, . . . , L}, < s < UM,n, x G Jn,i{s), and \x — x'\ < iy/a^, then 



{s,x')-u^^c.,{s,x")\ < 2-^5of'+H|x' Var^^'(^-^)-^i) whenever \x' -x"\ < Z„(A). 



Proof. Assume {i, n, s, x, x') are as above and set e = < 2-^\ by (l3Ti]) . Then 

\x' — x„(s, x)| < \x' — x\+ ^/a^, < e, \x'\ < |x| + 1 < Kq + 1, \u{s, Xn{s, x))| < a„ = a„ A {^/a^e), 
and the definition of {s, x) G J„^i implies that for i > 0, 

\<aAs,Xn{s,x))\ < 74 < 



63 



Let 



Q{n, eo, f3,,r) = a-''r'-^ V rf^ + a^'^(V^ V r)^ 



Assume \x' - x"\ < ln{Pi) < 2"^^, the last by (IXTil) . The condition s < UM,n < U^]n,i3i ^-^^ the 
definition of C/^^\ with {x',x") playing the role of {x,x'), ensures that 



')\<2~^'a~^o 



\X — X \ 2 



((5-^0^) V \x' — X' 



+ a^»^((5V^)V|x"-x'|r 



+ X — X \ "an 



(6.20) < 2-^^[Q{n,eo,P^,\x" - x'\) + \x" - x' 
We first show that 

(6.21) Q{n,eo,(3^,r) < 2o^"+i(r V ar'^^'^^-^^-^i) for < r <i;(A). 
Case 1. < r < ln{Pi)- 

Q{n,eo,Pi,r) = a"^" 
and so (lOTT) . will hold if 

(6.22) r^^-l-f < a^'+^+'°, 
and 

(6.23) a^'^r^-^-^ < 0^'+^+"°. 
(fHH)]) implies 27 - i - ^ > 1 and so (f6:22]l would follow from 



^ Cirj 



r S On 

Hence, by the upper bound on r in this case, it suffices to show that a(?'+^^' < ai?'+^^° and this is 
immediate from ()3.10p . 

Turning to (j6.23p , note that 

ft^, ^,-1 a -ft+l-eo ^ ft7+(ft+5£l)(7-|-f )-/3i+l-eo 



< an 

< d 

< a. 



ft(27-|-f )+5£i(7-|-f )-2eo 



5£i(7-|-^)-2£o 



< 1, 



where in the last two inequalities we are using (|3.10p . This proves ()6.23p and hence completes the 
derivation of (|6.2ip in this case. 



Case 2. ar''''^'"^^""' < r < 



Then 



Q{n,eo,f3i,r) = a^^°r 2 



al + an 



<2a-<-^al^'^^'-\ 
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and so (lOTTl will hold if 

(6.24) > = a'/''^'-''^^'-''^ . 
Our lower bound on r implies that 

> a(7-2(ft(i-7)-ei){i+eo)/2 > + 

which implies (lOl) by (IXTOl) . 
Case 3. r < ar'^^^'"^^~'' • 

This case follows from Case 2 and the monotonicity of Q{n, Eq, (3i,r) in r. Strictly speaking we also 
need the fact that Case 2 is non-empty as was done in Lemma 13.61 

This completes the proof of (I6.21|) . Consider next the second term in (I6.20p . If r > a.„, then 

< a;'^"+* < 1 

by (pnU]) . It follows that 

(6.25) r'-'^/n^"^"" < a^'+'ir V < a?:+'{r V ar'^^^'"^^""^), 

the last inequality being trivial. 

Insert (|6.2ip and ()6.25p into (|6.20p to derive the desired bound. | 

Lemma 6.8 //O < s < UM,n and x G Jn,o{s), then 

(6.26) \u{s, x) — u{s, x')\ < {^/a^ V \x' — x|)^~^° whenever \x — x'\ < 2^*^, 
and 

(6.27) |n(s,x')| < 3(y^)^~^° whenever \x — x\ < -y/o^. 
Proof. As in (|6.14p . if e = -^/o^, {s,x) G Jnfi implies 

(6.28) |u(s, x„(s, x))\ < an < £, \xn{s, x) — x\ < e, and |x| < Kq. 
In addition, (j3.14p ensures that e < 2~^^, and so s < UM,n < f^M^ means that 

\u{s,x') -u{s,x)\ < (^V |x' -x|)^"^« for all \x' - x\ < 2~*^ 
This proves ()6.26p . Next take x' = Xn{s,x) in the above inequality and use (j6.28p to obtain for 



|u(s,x')| < \u{s,x') — u{s,x)\ + \u{s,x) — u{s,Xn{s,x))\ + \u{s, Xn{s, x))\ 

This proves (|6.27p . 



< 2Jli^ + ^ 3v/a^^ 
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Proof of Proposition 13.31 The compactness is elementary and left for the reader-note here that 
continuity allows us to replace the closed intervals on which the inequalities defining Jn,i{s) hold 
with open intervals. 

The inclusions Jn,i{s) C Jn,i{s) for < s < UM,n are immediate from Lemmas 16.6^ 16.71 and 16.81 



This finishes the proof of Proposition 13.31 except for the proof of Proposition 15.141 which is the 
objective of the next section. 



7 Proof of Proposition 15.141 



We now continue to assume 6 = and give the proof of Proposition I5.14[ Assume first t' > t and 
use ()3.5p to write 

(7.1) 



< / pt^siy - x)D{s,y)W{ds,dy) 

{t~6)+ J 



+ 



{t'-5)+Vt 



Pt'-siy - x')D{s, y)W{ds, dy) 



+ l{t'-t<5) [ [{pt'.s(.y-x')-pt-s{y-x))D{s,y)W{ds,dy) 
J{t'-5)+ J 

This decomposition and (j3.2p suggests we define the following square functions for 5 £ (0, 1] and 
rjo G (0, 1/2) (noting also that {t' - 5)^ y t > t' - {5 A {t' - t))): 

QTxsit,t',x)= / pt^siy - xfe^'^'\y\\u{s,y)\^^dyds, 

J(t-5)+ J 

te,5(t,t',x') = f [ pt'^siy - x'fe^'''\y\\u{s,y)f^dyds, 

Jt'-{5A{t'-t)) J 

Qs,i,5,voit,x,i'^x') = Ht' -t<^) f I l(|y-x| > (t'-s)i/2-'?o v(2|x-x'|)) 

J(t'-6)+ J 



X {pt'^s{y-x)-pt-s{y-x)fe^''^\y\\u{s,y)\''^dyds 



Qs,2,5,rio{t,X,t',x') = l{t' - t <6) 



l{\y -X\< {t' - s)l/2-r,o V (2|x - x'\)) 



X ipt,.,iy - x') - pt^siy - x)fe^^^\y\\u{s, y)\^^dyds. 



Lemma 7.1 For any K G N-^^ and R > 2 there is a c p^ K, R) > and an A jyjjj = A jyjj|(i ^, cu) G 
N a.s. such that for allr]o,rii G {l/R,l/2), 6 G (0,1], iV,n G N, /? G [0,1/2] and (t,x) Gk+ x R, 



on 



(7.2) 



{a; : {t,x) G Z{N,n,K,P),N > A^, 
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Qs,i,s,rioii> X, t', x') < fijiK, R)2 UiB^d{{t, x), {t',x')) A V6f~''^6^/^ for all t < t' and x' G M. 



Proof. The proof is quite similar to that of LemmaEHl We let d = d({t, x, ), (t', x')) and A jy^Y] = 
Ni{0,3/4:, K), where Ni is as in (-Pq)- Recall here from Remark 15.31 that for m = 0, Ni depends 
only on K) and we take = 3/4. We may assume t' — t < 6. Then for lu as in (j7.2p and t < t' , 
Lemma 15.21 with m = 0, implies 

<05',l,5,'?o(*'^'*''^') 



< 



qO](^) r / li\y-x\>{t'-s)'/^-^'^vi2\x-x'\)){pt,_,iy-x')-pt^siy-x)f 

J(t'-S)+ J 

X e2(l2^-^l+«il!^l)(2-^ V (^/t^ + |y - dyds 



< 



c^) / * / l(|y - x| > (t' - s)i/2-'?o V (2|x - - x') - pt^iv - x)f 



^2R^K^2iR^+l)\y-x\ [1 + |y _ ^|]37/2 ^^^^ 



< 



ci{K,R)C^u;) f {t 
— Jt'-S 



-2% 



1 A 



t - s 



ds, 



where we have used Lemma l4.3r b) in the last line. Now use 



exp I < exp I + exp 



33 y - "V 66 
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to bound the above by 



7?l(f-i)-2'?Ox ft 



1/2 



1 A 



d^ 



<C2iK,R)q^u;) 

+ 



exp 

t 

t'-S 



1/2 
r]i(t' - 



+ / (t-s)"^/^exp 
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1 A 



(i2 



t - S 
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{d^^5f'^ 

(is 



t - s 
1 A 



i - s 



ds 



(use (112])) 



< C3(K, i?)q^(Lj)((i2 A 5)1-^(5^/2 (^^gg g^j^jj ^/ _ ^ < ^2 

As we may take Eq = in the formula for C j^^ o;) (by Remark 15. 3p . the result follows. 



Lemma 7.2 Let < m < m + 1 and assume {Pm)- For any 

i^GN-^Sfl>2,nGN,eoG (0,1), 
and /? G [0,1/2] i/iere is a C^J^ K) and A j^y^ = A jyjg| (m, re, fi, gp, JC, l3){uj) G N a.s. suc/i that for 

any r]i G (i?-\ 1/2),% e (0, r?i/24), (5 G [a„, 1], TV G N, an(i (t,x) G IR+ x M, on 



(7.3) 



{a; : (t,x) G ZiN,n,K,P),N > AM, 
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Qs,2,S,r,oitiX,'t' ,x') 

for all t <t' < K,\x'\ < K + 1. 



Here d = d{{t,x), {t' ,x')), dN = d V 2 ^ and dn^N = ^/(hi'^ d^- Moreover Nrf^ is stochastically 
bounded uniformly in (n,/?). 

Proof. Set ^ = 1 — {24R)~^ and iS jy^ m, n, .R, eo,K, (5) = Ni{m,n, ^, £q, K, (5), which is clearly 
stochastically bounded uniformly in (n,/3) by (Pm)- We may assume t' — t < 5. For w as in (j7.3p . 
t < t' < K and < + 1, Lemma 15.21 implies 



Qs,2,S,r]o{t,X,t' ,x' 

<C^u;)ci{K) 



g2RiXg2(Ri+l)4(X+l) 



{Pt'~s{y - x') - Pt-s{y - x)fdy 
X ((2-^ V |x' - x\) + (t' - s)|-'W)27C [((^ V 2"^ V Ix' - x|) 

+ (t'-s)5-W)27(7m-l)+a2/37 



'it'~5)+ 



1 A 



t - s 



((2-^ V + _ s)5-^'?0)27C 



(7.4) 



((^ V 2-^ V + (t - s)5-^o)27(7m-i) + al^y 



ds. 



We have used Lemma 14.3( a) in the last line. Below we will implicitly use the conditions on riQ,rji, 
R and 7 to see that 

, ^ /23\/3\/47\ 1 
(l-2r?o)7e> ( — )(t)( — ) > 



.247 \AJ \A8J ' 2' 

and also use the conditions on t,x,t',x' which imply d < c{K) (the latter was also used in 
By considering separately the cases 



(t-s)t-* < 2-^ Vd^-^w^ (t-s)t-* > ^V2-^' Vd 



-N , , ,l-2r,o 



-N ,1-2% 



and 2"'" V d 



<{t-s) 



-vo 



< ^/a;:v2~" V d 



N w ^1-2% 
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(the latter case implies ^fa^ > 2 ^ V '^^°), and then using Lemma l4.ll we may bound ()7.4p by 



' l(t'-5)+ 



1 A 



ds{2-^ y d^-^'^^f^^ 



+ 



{t'-S)+ 

■t 



t - s 

(i _ s)-i+{l-2%)7(7m-l+C) _^ al^'''{t - s)-|+(l-2%)7C 
d2 



1 A 



t - s 



ds 



+ / (t_s)(l-2^0)75-| 



1 A 



t - s 



ds[al 



,7(7m-l) 



< 



C^w)c4(i^){(d2 A 6)^/\2-^ V (il-2'?0)27C 

X \^V2-'' V dl-2'?0)27(7™-l) + „2/3V 
+ A <5) U(l-2';o)7(7..-l+0-| + «2/375(l-2r,o)7C-f 
+ A <5)(^(1-2''0)7C-|[«7(7™-1) + ^]| 

(by (|iT2]) and (|iTT|) . respectively). 



The last term is less than the middle term because 6 G [an, 1]. Therefore Qs,2,s,rio{'t,x,t' ,x') is at 
most 



q^u;)c,{K){{d A V^)i-^(2-^ V d)(i-2.o)27e+^ 



(7.5) 



4 



X (^ V 2-^ V d)(i-2^o)27(7™-i)+^ + af^^ V 2-^ V d) 

+ {d^ A J)^-^ j5(l-2r?o)7(7™-l+€)-i + f + a2^^(5(l-2r,o)7?-i + T-j |. 

Our conditions on ijo, rji, and i? imply 

(1 - 2r?o)27e + J > 27, (1 - 27,0)27(7^ _ 1) + ^ > 27(7^ - 1), 
(1 - 2r?o)7(7m - 1 + + f > 77m, and (1 - 2770)7? + f > 7- 

Finally, insert the above bounds into (|7.5p to derive the required bound on Qs,2,5,r]o{tiX,t' ,x' 



Lemma 7.3 Let < m < m + 1 and assume {Pm)- For any K G i? > 2, n G N, eo G (0, 1), 

and /? G [0,1/2] i/zere is a c^^K) and ^^ ^J^ = -A jyjg| (m, re, -R, gp, -fC, /?)(i^) G N a.s. sitc/i that fi. 
any r/i G (i?-\ 1/2), G [a„, 1], iV G N, and (t, x) G M+ x 



or 



(7.6) on {u) : {t, x) G Z{N, re, iT, /?), N > Ajy^l}, and /or all t < t' < Tk, \x'\ < K + I, 
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and 



j27(7m-l) , ^2/37' 



ifere d, O'lT-d dn,N cl^^ cls in Lemma 7.2. Moreover, Afyj^ is stochastically hounded uniformly in 
(n,/3). 

Proof. Set C = 1 - (4i?)"i and A(7^m,re, R,eo, K, 13) = Ni{m,n,S^,eo, K, P), which is clearly 
stochastically bounded uniformly in (n, /?) by (Pm)- For ^1 ti x, t' and x' as in (j7.6p . Lemma [O] 
gives 



QT,2,s{t,t',x') 



Jt'-{SA{t'-t)) J 



+l))\y~x'\+2iRi+l)i2K+l) 



X [2^^ V |x - x'l + Vt' - s + \y- x'\ 



27? 



X I V 2"^ V |x - x'\ + Vt^s + |y - x'O^^^^--^) + af^^dyds 

< Q^u^)c2{K) r {f - s)-^l\2-^ y\x- x'\f^^ + {f - sf^] 
Jt'-{5A{t'-t)) 



(7.7) 



X {((V^ V 2-^ V\x- + (t' - + af 

For t < s < t' and c,p > 0, 

(c V |x - x'lf + {t' - < 2(c V d)P. 
Use this with c = 2"^ or ^/o;;: V 2"^ to bound ([TTD by 

C^u^)c,{K){{t' -t)A 5)^2-^ V df^^[{^V2-^ V + af ^} 



The conditions on ryi and definition of ^ imply 27^ + 2 — ^7' ^° bound on Qt,2,s is 
established. 
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Turning to Qt,i,s, we may assume t' > 6, or else Qt,i,s = 0. Argue as in the derivation of ()7.7p 
to see that for uj, t, t' and x as in (j7.6p . 

/•tA{t'-5) 

(7.8) QT,iAt,t',x) < C^uj)c,{K) / (t - .)-i/2[(2-2A^7C + _ ,)7C] 



{t-5)H 



; {( V 2-^)27(7™-!) + (t _ s)7(7™-i) + al('^]ds. 



Elementary calculations give 
(7.9) 

and for p >0, 
(7.10) 



tA{t'-S) 



t-5 



tA(i'-<5) 



t-5 



{t-s)Pds < 6Pi{t' -t) A6). 



For the integral in (j7.8p consider separately the cases (i) y/t — s < 2 , (ii) ^Jt — s > 2 , 

and (iii) 2^^ < ^Jt — s < i/a^V2~^, the latter implying i/a^V2^^ = i/a^, to bound Qt i ^(t, t', x) 
by 



q^w)c4(K) 



tA(t'-5) 



(t _ c,)-i/2rf52-2^^« V 2-^)27(7^-1) + a'J 



2/37 



+ 



+ 



M{t'-5) 

{t-5)+ 
M(t'-5) 



} 



727(7™-!) 2/37' 



+ ((5A(t'-t)) 



,57(7,n+5-l)-|+a2/3757C-i 



+ 



(<5 A {t' - t)) [,5^«-5a;^(7--i) + <5T«-laf }. 



In the last we have used (17. 9p and (I7.10p . and the fact that our choice of ^ implies 7^ > 1/2 and 
hence our choices of p are indeed non- negative when applying (|7.10p . Since > a„, the third term 
above is dominated by the second term. Therefore 



^7(7m-l) _^ ^2/37 



n,N 



QT,iAt^t',x) < q^oj)c6{K)[{V6AVt^t)'-^dj^^ ' 

+ (5 A {f - t))i-^ [^-7(7™+C-i)-i+^ + af ^5^5-^+^] }. 
Our choice of ^ and conditions on 7]i imply that 



27^ + Y > 27 and 7(^ - 1) + |- > 0, 
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and the required bound on Qt,i,s follows. | 

The above square function bounds suggest we will need a modified form of Lemma [5 .71 to obtain 
our modulus of continuity for ^^2,0^ • The proof of the following result is almost identical to that of 
Lemma 15.71 and so is omitted. 

Lemma 7.4 Let co,ci,C2,kQ be positive (universal constants), rj E (0,1/2), and : N x (0,1] 
R+, i = 1,2 satisfy Aj(n,2~^+^) < A;oAi(n,2"^) for all n,N gN andi = 1,2. For n e N and 
T in a set S assume {Yr^nitjx) : {t,x) G M^- x M} is a real-valued continuous process. Assume 
for each {n,T) e N x S, K e N, and /3 G [0,1/2], there is an iVo(w) = No{n,ri, K,t, f3){uj) G N 
a.s., stochastically bounded uniformly in {n,T,P), such that for any N £ N, {t,x) G R_|_ x M, if 
d = d{{t, x), {t',x')) < 2-^, then 

(7.11) Pm,n{t, x) - Yr,n{t\ x')\ > Ai(n, 2-^) + d^-^^^in, 2"^), 

(t, x) G Z{N, n,K,p),N>No,t' < Tk) 

< coexp(-cid-^'^2). 

Then there is an Nq{uj) = NQ{n,ri, K,t, (3){uj) G N a.s., also stochastically bounded uniformly in 
{n,T,(3), such that for all N > ^{uj), {t,x) G Z{N,n,K, (5){uo), d = d{{t, x), {t' , x')) < 2"^, and 
t' < Tk, 

\Yr,nit, x) - Yr,nit', x')\ < 2^^^ [dl (I-'?) Ai (n, 2"^) + d'~^ A2in, 2-^) 

Proof of Proposition 15.141 The proof follows closely that of Proposition 15.81 using Lemma 17.41 
in place of Lemma [5771 Let R = ^ and choose rjo G (-^, ^). Define cIn = dV 2~^, as usual, and 
set 

2 

Qa'^{t,X,t',x') = '^Qs,i,a'^,rio{t,X,t',x') + QT,l,a'jl{t, t' , x) + QT,2,az{t,t' , x') . 
i=l 

By Lemmas 17.11 17.21 and 17.31 for all X G N (the restriction K > Ki is illusory as these results 
only strengthen as K increases) there is a constant ci[K,rji) and N2{m,n,r]i,eo, K, (3) G N a.s., 
stochastically bounded uniformly in (n,/?), such that for all G N, {t,x) G M.^ x R, 

on {uj : (t, x) G Z{N, n,K + l, (3),N > iVs}, 



RlQa^^(t,x,t',x'fl^ 

< ci{K, m)[a-'' + 2'^'][{d A a|)5(i-f )4 [(Jjv V 0^2)7(7^-1) + ^^j' 



+ (d A a 



2^l- 



f(77.n-|) « f(7-|) 



(7.12) 



for all t<t' < Tk, \x'\ <K + 2. 



Let A^3 = ^[-^2 + N4{K,r]i)], where N4{K,r]i) is chosen large enough so that 



ci(K,ryi)[ar° + 2^^^^]2 



2iV2l9-Af3»7i/8 



<ci(i^,r?i)[a-«+2^^^^]2 



2Af2l9-6Af2 9-6iV4(i^,»?i) 



(7.13) 



< a: 



-£09-104 
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Let Ai^u2 = \,U2, i = 1,2. Assume d < 2~^. Use fTTSD in (171^ to see that for all {t,x), N, 



on 



{uj : {t,x) e Z{N,n,K + 1,(3), N > N3} (which implies \x'\ <K + 2), 



R^oQa<^(.t,x,t',x'y/^ < (dAa|)5(i-T^)Ai,„,(m,n,2-^)/16 

+ {dAa^Y~^A2,u2{'m,n)/l6 for all t < t' < Tr, x' € M. 

Combine this with ()7.ip . ()3.2p . the definition of and the Dubins-Schwarz theorem to conclude 
that for t < t', x' G R, and d{{t,x),(t' ,x')) < 2"^," 

P{\u2,a^ {t, x) - U2,a'^ {f , x')\ > d^^^^^^) Ai,„, (m, n, 2-^)/4 + d^-^i A2,U2 {m, n)/4, 

(t, 2;) G Z(A^, n, + 1, /?), iV > N3, t' < Tk 
sup{|5('u)| :n< [(i2(i-— )Ai,„2(m,n,2~^)/16 + d^" — A2,„2("J',")/16] } 

> (d^^i-^i^Ai,,, (m, n, 2"^) + d^'"^' A2,u2{m, n))/12) 

(7.14) < SPfsup \B{u)\>d-^\ <co exp 



d 4 



Here -B(tt) is a one-dimensional Brownian motion. 

If {t,x) G Z{N,n,K,(3), d < 2'^, and i' < t, then as in the proof of Proposition ESI {t',x') £ 
Z{N — l,n,K + and one can interchange the roles of {t,x) and {t',x') and replace N with 
— 1 in the above to conclude (as in (j5.40p ). 

P(|n2,a^(t,x) -U2,a^(t',x')| > (ii(i-''i)Ai,,2(m,n,2-^) +d^-''iA2,„2("i,n), 

{t,x)e Z{N,n,K,[5), N>N3 + l) 

/ a 4 

(7.15) < Co exp 



(j7.14p and (|7.15p allow us to apply Lemma [7^ with t = a, Yr^n = U2,a^, and = 4. The result is 
then immediate once one recalls that 2^/09 Aj^^j = 2~'^^Aj_„2- I 



8 Incorporating Drifts 

Beginning in Section Owe assumed that the drift b is zero. Here we point out what additional rea- 
soning is needed to include a drift b satisfying (jl.4p . If B{s, y) = b{s, y, X^{s, y)) — b{s, y, X^(s, y)), 
then (13.11) becomes 

= j j Pt~s{y - x)D{s, y)W{ds, dy)+ j J ptsiv - x)B{s, y)dyds a.s. for all (t, x) 

= UD{t,x) + UB{t,x), 



U) 

u{t, x) 
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and by p^ . 

(8.2) \B{s,y)\<B\u{s,y)\. 

If iii,5,U2,<5 and Gs are defined as at the beginning of Section [3l then as for ()3.4p . (j3.5p and 
Lemma |3.H but now using the ordinary Pubini theorem for ub, we get 

l-{t-5)+ I- Mt-S)+ r 

ui^s{t,x)= pt^siy - x)D{s,y)W{ds,dy) + pt-s{y - x)B{s,y)dyds 



ui,D,5{t,x) + ui^B,s{t,x), 



U2,sit,x))= pt-s{y - x)D{s,y)W{ds,dy) + I pt-s{y - x)B{s,y)dyds 

J(t-5)+ J J{t-sy 

= U2,D,5{t, x) + U2,B,5{t, x), 



and 

-G's{s,t,x) = Fs{s,t,x) 

(s— <5)+ /• />(s— <5)+ /• 

J P[tvs)~riy - x)D{r, y)W{dr, dy) + J p[tys)-riy " x)B{r, y)dydr 

= Fd,s{s, t, x) + FB,sis.t, x). 

In addition, no changes are required in the verification of (Pq) (including the refinement noted in 
Remark 15. 3|) or the proof of Lemma 15. 2[ 

The theorems in Section [5] apply directly to quantities like Ui^^^g and Fjy^s- The correspond- 
ing expressions Mi._B,5 and Fb^s are in fact much easier to handle because we are dealing with a 
deterministic integral and so regularity properties are easy to read off directly from the bounds in 
Lemma 15.21 Furthermore, the Lipschitz condition on b effectively sets 7 = 1 for these calculations. 
To illustrate this, we now prove a simple result which includes both Propositions 15.81 and 15.111 for 
FB,ag and only requires (-Pq), a consequence of the "crude" modulus Theorem 12.31 already noted 
above. 

Proposition 8.1 For any rji G (0,^) and K € N-''^^ there is an A jg^ ryi, K){uj) G N a.s. such 
that for allneN, ae [0,1] and (3 G [0, i], N > Afgj](r?i , ) , {t,x) G Z{N,n,K,p), and t' < Tk, 

d = d{{t,x),{t',x')) <2-^ and\s' -s\ < iV~^ imply 

\FB,az{s,t,x) - FB,a';t{s',t',x')\ < 2~''[\s' - s\h-^^'-^^^ + \s' - s\'-"^ 

Proof. Let C = 1 — and assume first that 

(8.3) N >Ni{0,tK + + 
where A^i is as in (Pq) and Remark 15.31 Assume 

(8.4) {t, x) G Z{N, n, K, (3),t' <TK,d< 2"^ and \s' - s\ < N-\ 
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One easily checks that \t A s — t' A s'\ < N"'^ and so, by replacing (s,s') with {t A s,t' A s'), we 
may assume that s < t and s' < t' . Define s = s V s' and s = s A s' . As before, {t',x') S 
Z{N — l,n, K + 1, P), and again, by interchanging {t, x) with (t' , x'), we may assume t <t' (this is 
the reason for the K + I and adding 1 to A*"! in (j8.3p ) . As for (|5.6p , ()8.2p implies 

\FB,a'fl{s,t,x) - FB,a'fl(.s',t',x')\ 

< / I \p't'-r{y - x')\B\u{r,y)\dydr + I i \p[,_^{y - x') - p[_^.{y - x)\B\u{r,y)\dydr 



= Ti+ T2. 

To bound Ti, we may assume s > a". Elementary inequalities using t' < Tk < K, show that 
for p > 0, 

(8.5) I \p',,_,{y - x')\\y - x'l^e^y-^'^dy < {f - r)-' j \y - x'\P-^'e\y-^'W-r{y - x)dy 

<ci{K,p){t' -rf 
Now apply Lemma 15.21 with m = to see that 



2 



Ti < B^J^ / / \p't,^Ay - x')\e\y--'\e\--^\{.Jt^ + |y - x|) V 2-^)€%dr 

< C2(K) / / \Pt'^r{y - x')\e\y--'\ [{\x - x'\ V 2-^)« + V"^^ + \y- x'\^]dydT 

^C3(i^)y^^/ {t' - r)-^/^[2~^^ + {t' - rf'^]dr (by (l83|) and |x - x'| < 2" 



-N 

yi — r) ' [z, • ^ yi — i-j" \ur yuy \\o.o\] anu |X' — x" | ^ ^ 

< C4(K)22^^(-)[|s' - ,|i/22-^(i-^) + \s' - 

< C4(K)22^i(")[2-^''i/2 + \s' - - s|V22-^(i-^i) + Is - 

(8.6) 



< C4(K)22^i('^)[2-^''i/2 + A^-''i/4][|s' - s|i/22-^(i-'7i) + 



s — s 



Recall in the above that we may set Eq = in the definition of Cj^^] (^^^ Remark 15. 3p . 

For To we use both \u{r,y)\ < Ke\y\ for r < t' < Tk {K > Ki) and Lemma[0]with m = to 
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write (we may assume s > a° 



To < 



+ 



\Pt-r{y-x') - p't^riy - x)\BKe\yh{\y - x\ > (t' - r)^-T V {2\x' - x\))dydr 
\p[_,.{y - x') - p[_,.iy - x)\By^^\y-^\[{Vt^+\y - x\) V 2'^]^ 
X li\y -x\ < (t' - r)2-T- V (2|x' - x\))dydr 



+ 



<C6(i^)x/ 



\p'^_^{y-x')-p'^__,{y-x)\e^\y--\ 

X l{\y -x\> {t' - r)5-^ V (2|x' - x\))e-\y-''\dydr 
\p't-r{y - x') - p't_r{y - x)\l{\y - x\ < 2{2K + l))dy{{t' - r)^'^ V \x' - x\ V2~^)^dr 



X l{\y -x\>{t- r)3-^ V {2\x' - x\))dy^/^ ( / e-^l^'-^lrfz/) 



X 1/2 



dr 



+ 



{p[^,.{y - x')-p[^,{y - x)fdy^'\2{2K + l)f'\t - rf/^ V 2~^f^'~"-^Ur 



where in the last hne for the second term we use d < 2-^ and 



1 _ nx 1 _ ILL 1 „ !ZL ni 
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Now apply Lemma 14.41 and conclude 



(t-r) 



^3/4 



exp 



+ 



128 



t - r 



1 — ILL 

2 4 



dr 



<C7(i^,r?i)y^ 



ryi(t-r)-''i/2- 



-3/4 



exp 



1 A 



+ 







{t - r) 

^ ' ' y 128 )\ t-r 

(t - r)"4 + 2U- — /\ _ j 

2Ar 



2 4 



+ ^ \(r>t- 2-2^)(t - r)-t (l A ^) '^'dr2-^«(i-^)} 

+ l(a^ < 2"2^)d(d2 V a°)-i/^2-^«(i-^) } 
<C9(K,m)ycS{^^-^ + 1« < 2-2^)da;3"/4«^/22-A^e(i-^)} 
<e9(K,m)y^^-^ [l + a?^2-^2-^2-^(i-¥)] 
<cio(K, ^,)22^iH2-^''i/4di-''i [1 + a;^2-2^]. 



We have used Lemma 14.11 in the above with a bit of algebra to see which case applies, and in the 
last two lines again used d < 2^^. (j8.6p and (j8.7p together show there is an A ^yY] (r/i, G N 

a.s. such that Ajgj](T?i,K) > iVi(0, ^, + 1) + 1 and, if iV > Afeji then 



Ti + Ta < 2- 



ii-^+di-''4l + a;'^2-2^] 



A bit of arithmetic shows that the above bound in the contexts of Propositions 15.81 and 15.111 
lead to upper bounds that are bounded by the ones obtained there for increments of -^D.a^- For 
Proposition 15.81 one only needs the first two terms in A„/^ and we leave this easy check for the 
reader. For Proposition 15. 1 1 1 we may set {s',t',x') = {t,t,x) in the above so that the upper bound 
becomes 



S\ 2 



which is bounded by two of the terms on the right-hand side of the upper bound in Proposition [5TTTJ 
Hence we may combine these bounds for Fs^a^ with those derived in Propositions 15.81 and 15.111 for 
and hence complete the proofs of Propositions 15.81 and 15.111 (and hence also Corollary 15. 9p 
for solutions with Lipschitz drifts. 

We omit the analogues of the above for Propositions 15. 12] and [5TT^ as they are even simpler. The 
proof of Propositions 15.131 and 15.11 now proceed as before. With Propositions 15.11 15.131 15.141 and 
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15.111 and Corollary 15.91 in hand, the proof of Proposition 13.31 may now be completed for Lipschitz 
drifts b, exactly as in Section [6l Then verification of the hypotheses of Proposition 12. II may now be 
completed for Lipschitz drifts b exactly as in Section [3] and this finishes the proof of Theorem II. 2[ 
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